A Model for Studying Display Methods of Statistical Graphics

William S. Cleveland

October 18, 1993

Abstract

A method of statistical graphics consists of two parts: a selection of statistical information to be displayed and a selection of a visual display method to encode the information. Some display methods lead to efffcient, accurate visual decoding of encoded information, and others lead to inefffcient, inaccurate decoding. It is only through rigorous studies of visual decoding that informed judgments can be made about how to chose display methods. A model has been developed to provide a framework for the study of visual decoding. The model consists of three parts: (1) a two-way classiffcation of information on displays � quantitative-scale, quantitative-physical, categoricalscale, and categorical-physical; (2) a division of the visual processing of graphical displays into pattern perception and table look-up; (3) a speciffcation of visual operations that are employed to carry out pattern perception and table look-up. Display methods are assessed by studying the visual operations to which they lead. Studies use the theory and experimental technique of various areas of vision research including psychophysics, cognitive psychology, and computational vision. This process is illustrated by studies of three display methods: visual reference grids for graphs with juxtaposed panels and common scales, encoding a categorical variable on a scatterplot by the type of plotting symbol, and choosing the aspect ratio of a factorresponse graph.

1 Introduction

1.1 Scientiffc Underpinnings

A graphical method for statistical analysis has two components . The ffrst is a statistical component, a selection of information to be shown by the method. The second is a visual component, a selection of a method of display. For example, for a normal probability plot (Wilk and Gnanadesikan 1968), the statistical information is the order statistics of the data together with approximations of their expected values under sampling from a speciffc theoretical distribution, and the display method is a Cartesian graph with plotting symbols. For a boxplot (Tukey 1977), the statistical information is a ffve-number summary of the empirical distribution together with end values, and the display method is the familiar box with a line inside, with two appendages, and with plotting symbols to show end values. For a scatterplot matrix (Chambers et al. 1983), the statistical information is simply measurements of three or more quantitative variables, that is, the raw data itself, and the display method is a square array of scatterplots.

Display methods are critical to the success of graphical methods; it is not true that the selection of statistical information is the only critical part, and that virtually any method of display sufffces. A display method that leads to inefffcient visual decoding can prevent important aspects of data from being detected or can lead to distortions in the perception of information. This is illustrated in Figure 1, which twice graphs the yearly sunspot numbers from 1749 to 1924, the time series used in the landmark paper by G. Udny Yule on autoregressive processes (Yule 1927). The two panels have different aspect ratios. The aspect ratio is critical to visual decoding from factor-response graphs because it affects the judgment of orientations of line segments that encode information about the rate of change of the response as a function of the factor. In Figure 1, the dominant frequency component of variation is the cycles whose

Figure 1: Yearly sunspot numbers with two different aspect ratios.

average period is about 11 years. These cycles are evident in both panels of the ffgure, but the top panel fails to reveal an important property � the cycles rise more rapidly than they fall.

The theory and methods of statistical science guide the choice of the statistical information contained in a graphical method. The theory and methods of vision science must guide the choice of a display method. Only rigorous study of visual decoding can form a scientiffc basis for display methods.

There is much to draw on to carry out rigorous study. First, we can exploit the massive body of knowledge that resides in several scientiffc disciplines that study vision generally � psychophysics (Baird and Noma 1978), cognitive psychology (Treisman 1986), and computational vision (Marr 1982). Theory and experimental results from these disciplines are readily applicable to issues of visual decoding. Second, we can carry out controlled experiments, systematically varying aspects of display methods, and study the effects on the decoding process. We can observe effects in two ways. One is just simple observation of visual displays (Bertin 1967 and 1983). For example, we can readily observe that changing the aspect ratio affects our visual decoding of the rate of change of sunspots. This simple demonstration mode of experimentation is sufffcient in cases where mechanisms are relatively simple. In more complicated situations we must use systematically varied displays as stimuli in more formal experiments with subjects and response measures (Cleveland and McGill 1984 and 1985). We can borrow from the experimental technique of vision research to run these measured-response experiments.

1.2 A Model for Graphical Perception

While the methods outlined above provide ample means for analyzing display methods, more is needed � a basic framework within which to formulate issues of visual decoding. Section 2 of this paper presents a model that provides such a framework.

In the model, information in the display region of a graph is partitioned by a two-way classiffcation scheme. There is quantitative information and categorical information. Each of these is represented in two ways on a graph � as scale information, quantities in units of the data and category names, or as physical information, quantities in physical units and categories of graphical elements. Thus the four classes of the twoway classiffcation of information are categoricalphysical, quantitative-physical, categorical-scale, and quantitative-scale.

The visual processing of graphical displays is divided into pattern perception, a visual decoding of physical information, and table look-up, a visual decoding of scale information.

Three visual operations of pattern perception are deffned � detection, assembly, and estimation. Three visual operations of table look-up are deffned � projection, interpolation, and matching. The central thesis is that the effectiveness of display methods can be investigated by studying the speed and accuracy of these visual operations. This is illustrated in Sections 3 to 5. In Section 3, simple demonstration and Weber’s Law, a basic law of psychophysics, are used to investigate visual reference grids on displays where different panels with the same scales must be compared. Section 4 draws on theory and experiment from texture perception to investigate a commonly used display method: encoding a categorical variable on a scatterplot by using different plotting symbols. In Section 5, the aspect ratio of factorresponse graphs is investigated by invoking previous measured-response experiments, results from the psychophysical literature about the perception of orientation, and a new derivation.

1.3 Other Work in Graphical Perception

For most of the 20th century there has been a vigorous literature on display methods of statistical graphics. Examples are Brinton (1914), Bertin (1967 and 1983), and Schmid and Schmid (1979)). But until the 1980s, there was very little rigorous study of visual decoding for statistical graphs. The few investigations that explicitly studied issues of visual perception before the 1980s tended not to be guided by existing knowledge from the more general ffelds of vision research (Wainer and Thissen 1981). With few facts about visual perception to provide guidance, there was little consensus on many display issues. For example, recommendations in the display-method literature for the aspect ratio of a graph abounded and were contradictory (Cleveland, McGill, and McGill 1988).

Bertin (1967 and 1983) partially countered this trend. He formulated issues of visual decoding and proposed techniques for enhancing it. In fact, several of the distinctions made in the model presented here are also made by Bertin. But Bertin, relying solely on simple demonstrations, eschewed principles of vision theory, measured-response experiments, and deductive derivations from basic hypotheses. The result, as we will see later in the paper, is mistaken conclusions about visual decoding.

In the 1980s, research in the visual decoding of information on statistical graphs substantially increased. Section 6 of this paper cites some of this work, in particular, work that serves as the foundation for the model of Section 2.

2 The Model

2.1 A Two-Way Classiffcation of Information

Information in the data region of a graph can be partitioned into quantitative and categorical. The ffrst consists of numerical values and the second consists of categories. This is illustrated in Figure 2, a multiway dot plot (Cleveland 1993) that shows data from a full factorial experiment (Immer et al. 1932). The data have been corrected for an apparent error. The response is barley yield and

Figure 2: Multi-way dot plot of barley yields.

there are three factors: site (10 levels), variety (6 levels), and year (2 levels). There is one quantitative variable, yield, and there are three categorical variables, the three factors. Thus the information encoded by each plotting symbol consists of four values, one quantitative and three categorical.

Categorical information and quantitative information each can be described in two ways: scale and physical. For a quantitative variable, scale information is the graphed values in the units of the data and for a categorical variable it is the names of the levels of the graphed values. Consider the data for the largest yield in Figure 2. The scale information is the following: (1) yield = 65 bushels/acre; (2) site = ΨWaseca˚; (3) variety = ΨNo. 462˚; and year = Ψ1931˚. The physical information can be thought of as a description of the quantitative and categorical information on the graph after the removal of the tick labels and the names of levels of categorical variables. We retain the geometry of graphical elements and a breakup of the data into different subsets according to the levels of categorical variables. For the observation with the largest yield, the physical information for the four variables is the following: (1) yield = 7.3 cm (along the horizontal scale); (2) site = Ψtop panel˚; (3) variety = Ψpanel-level two from the bottom˚; (4) year = Ψ+˚.

2.2 Pattern Perception and Table Look-Up

The division of information into scale and physical partitions the visual processing of graphical displays into two sets of processes. The ffrst is table look-up, a decoding of scale information. For example, we use operations of table look-up to take away the scale information about the observation with the largest yield � 65 bushels/acre, ΨNo. 462˚, ΨWaseca˚, and Ψ1931˚. The second set of processes is pattern perception, a decoding of physical information that leads to the perception of geometric patterns. For example, in Figure 2, we can perceive that on each panel, the Ψ+˚ symbols as a group are shifted to the right with respect to the Ψ∘⪰ ⊣\⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ≀⊑⌉∇⊣↕↕ ⇕⊣}\⟩⊔⊓⌈⌉ ≀{ ⊔⟨⌉ ∫⟨⟩{⊔ ⊑⊣∇⟩⌉∫ ⊒⟩⊔⟨ ∫⟩⊔⌉↙ I⊔ ⟩∫ ⌋∇⊓⌋⟩⊣↕ ⊔≀ ⌈⟩∫⊔⟩\}⊓⟩∫⟨ ⌊⌉⊔⊒⌉⌉\ √⊣⊔⊔⌉∇\ √⌉∇↖ ⌋⌉√⊔⟩≀\ ⊣\⌈ ⊔⊣⌊↕⌉ ↕≀≀‖↖⊓√↙ T⟨⌉ ≀⊓⊔√⊓⊔ ⟩∫ ⌈⟩{{⌉∇⌉\⊔⇔

⊣\⌈ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ √∇≀⌋⌉∫∫⟩\} ⊔⟨⊣⊔ ⟩∫ \⌉⌋⌉∫∫⊣∇† ⊔≀ √∇≀↖ ⌈⊓⌋⌉ ⊔⟨⌉ ≀⊓⊔√⊓⊔ ⟩∫ ⌈⟩{{⌉∇⌉\⊔↙ T⊣⌊↕⌉ ↕≀≀‖↖⊓√ ⊔⌉\⌈∫ ⊔≀ ⌊⌉ {≀⌋⊓∫⌉⌈ ≀\ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⊑⊣↕⊓⌉∫ ≀{ ∐⊓⊣\⊔⟩⊔⊣⊔⟩⊑⌉ ⊣\⌈ ⌋⊣⊔⌉}≀∇⟩⌋⊣↕ ⊑⊣∇⟩⊣⌊↕⌉∫⇔ ≀\⌉ ⊣{⊔⌉∇ ⊣\≀⊔⟨⌉∇⇔ ⊒⟩⊔⟨ \≀ ⊑⟩∫⊓⊣↕ ⌋≀\\⌉⌋⊔⟩≀\ ≀{ ∫⊓⌋⌋⌉∫∫⟩⊑⌉ ↕≀≀‖↖⊓√∫↙ I\ √⊣⊔⊔⌉∇\ √⌉∇⌋⌉√⊔⟩≀\⇔ ⊒⌉ ⌈⌉⊔⌉⌋⊔ ⊣\⌈ ⊑⟩∫⊓⊣↕↕† }∇≀⊓√ ⊣ ⌋≀↕↕⌉⌋⊔⟩≀\ ≀{ }⌉≀⇕⌉⊔∇⟩⌋ ≀⌊|⌉⌋⊔∫⇔ ⌉⊣⌋⟨ ⌋⊣∇∇†⟩\} √⟨†∫⟩⌋⊣↕ ⟩\{≀∇⇕⊣⊔⟩≀\⇔ ⊔≀ ∫⌉⌉ √⊣⊔⊔⌉∇\∫↙ T⟨⌉ ⊑⟩∫⊓⊣↕ √∇≀⌋⌉∫∫⌉∫ ⌋⊣\ ⊑⊣∇† {∇≀⇕ ∫↕≀⊒⌉∇ ∫⌉∐⊓⌉\⊔⟩⊣↕ ≀√⌉∇⊣↖ ⊔⟩≀\∫ ⊒⟨⌉∇⌉ ⊒⌉ ⌋≀⇕√⊣∇⌉ √⟨†∫⟩⌋⊣↕ ⇕⊣}\⟩⊔⊓⌈⌉∫ ⌊† {≀⌋⊓∫⌉⌈ ⊣⊔⊔⌉\⊔⟩≀\⇔ ⊔≀ ⌉§⌋⌉⌉⌈⟩\}↕† {⊣∫⊔ √∇≀⌋⌉∫∫⌉∫ ⊔⟨⊣⊔ ≀√⌉∇⊣⊔⌉ ⟩\ √⊣∇⊣↕↕⌉↕⇔ ≀∇ \⌉⊣∇↕† ∫≀⇔ ⊣\⌈ √∇≀⌈⊓⌋⌉ ≀⌊|⌉⌋⊔∫⇔ ≀∇ }⌉∫⊔⊣↕⊔∫⇔ ≀\ }∇⊣√⟨⟩⌋⊣↕ ⌈⟩∫√↕⊣†∫⇔ ⇕⊓⌋⟨ ⊣∫ ⊔∇⌉⌉∫⇔ ⌈≀}∫⇔ ⊣\⌈ ⌋⊣∇∫ ⌋≀⊣↕⌉∫⌋⌉ ⊒⟨⌉\ ⊒⌉ ⊑⟩⌉⊒ ⌉⊑⌉∇†⌈⊣† ∫⌋⌉\⌉∫ ⇐T∇⌉⟩∫⇕⊣\ ∞∃∀⇏↙

∈↙∋ T⟨∇⌉⌉ O√⌉∇⊣⊔⟩≀\∫ ≀{ P⊣⊔⊔⌉∇\ P⌉∇⌋⌉√⊔⟩≀\ T⟨⌉ ⇕≀⌈⌉↕ ∫√⌉⌋⟩⊘⌉∫ ⊔⟨∇⌉⌉ ≀√⌉∇⊣⊔⟩≀\∫ ≀{ √⊣⊔⊔⌉∇\ √⌉∇⌋⌉√⊔⟩≀\ � ⌈⌉⊔⌉⌋⊔⟩≀\⇔ ⊣∫∫⌉⇕⌊↕†⇔ ⊣\⌈ ⌉∫⊔⟩⇕⊣⊔⟩≀\↙ E⊣⌋⟨ ⟨⊣∫ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⟩⊔ ⊣ \≀⊔⟩≀\ ≀{ ⌉{⊘⌋⟩⌉\⌋† ⊔⟨⊣⊔ ⟩∫ ⟩\⊑≀‖⌉⌈ ⟩\ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ≀∇ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ ∫⊔⊓⌈↖ ⟩⌉∫ ≀{ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\∫↙ D⌉⊔⌉⌋⊔⟩≀\ ⟩∫ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ ∇⌉⌋≀}\⟩⊔⟩≀\ ≀{ ⊣ }⌉≀⇕⌉⊔∇⟩⌋ ⊣∫√⌉⌋⊔ ⊔⟨⊣⊔ ⌉\⌋≀⌈⌉∫ ⊣ √⟨†∫⟩⌋⊣↕ ⊑⊣↕⊓⌉↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⟩\ F⟩}⊓∇⌉ ∈⇔ ⌉⊣⌋⟨ √↕≀⊔⊔⟩\} ∫†⇕⌊≀↕ ⌉\⌋≀⌈⌉∫ ⊣ ∫⟩\}↕⌉ ⊑⊣↕⊓⌉ ≀{ ⌉⊣⌋⟨ ≀{ ⊔⟨⌉ {≀⊓∇ ⊑⊣∇⟩⊣⌊↕⌉∫ ≀\ ⊔⟨⌉ }∇⊣√⟨ � †⟩⌉↕⌈⇔ ⊑⊣∇⟩⌉⊔†⇔ ∫⟩⊔⌉⇔ ⊣\⌈ †⌉⊣∇↙ I\ ⊔⟨⟩∫ ⌋⊣∫⌉⇔ ⌈⌉⊔⌉⌋⊔⟩≀\ ⟩∫ ⊔⟨⌉ ∇⌉⌋≀}\⟩⊔⟩≀\ ≀{ ⊔⟨⌉ ∫†⇕⌊≀↕↙ T⟨⌉ ↕⟩\⌉ ∫⌉}⇕⌉\⊔ ⌋≀\\⌉⌋⊔⟩\} ⊔⟨⌉ ⊖⇓⪰ ⊔≀ ⊔⟨⌉ ⊖∘⪰ ≀\ ⌉⊣⌋⟨ ↕⌉⊑⌉↕ ≀{ ⌉⊣⌋⟨ √⊣\⌉↕ ⌉\⌋≀⌈⌉∫ ⊔⟨⌉ †⟩⌉↕⌈ ⌈⟩{{⌉∇⌉\⌋⌉ ⌊⌉⊔⊒⌉⌉\ †⌉⊣∇∫ {≀∇ ≀\⌉ ⌋≀⇕⌊⟩\⊣⊔⟩≀\ ≀{ ⊑⊣∇⟩⌉⊔† ⊣\⌈ ∫⟩⊔⌉↙ I\ ⊔⟨⟩∫ ⌋⊣∫⌉⇔ ⌈⌉⊔⌉⌋⊔⟩≀\ ⟩∫ ⊔⟨⌉ ∇⌉⌋≀}\⟩⊔⟩≀\ ≀{ ⊔⟨⌉ ∫⌉}⇕⌉\⊔↙ T⟨⌉ ⌉{⊘⌋⟩⌉\⌋† ≀{ ⊣ ⌈⌉⊔⌉⌋⊔⟩≀\ ≀√⌉∇⊣⊔⟩≀\ ⌈⌉√⌉\⌈∫ ≀\ ⟩⊔∫ ↕⊣⊔⌉\⌋†⇔ ⊔⟨⌉ ⊔⟩⇕⌉ ⟩⊔ ⊔⊣‖⌉∫ ⊔≀ ⌋⊣∇∇† ≀⊓⊔ ⊔⟨⌉ ≀√⌉∇⊣↖ ⊔⟩≀\↙ I{ ⊣ √⟨†∫⟩⌋⊣↕ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋ {⊣⟩↕∫ ⊔≀ ⊔∇⟩}}⌉∇ ≀⊓∇ ∫⌉\∫≀∇† √∇≀⌋⌉∫∫⟩\} � {≀∇ ⌉§⊣⇕√↕⌉⇔ ⟩{ ≀\⌉ ∫†⇕⌊≀↕ ⟩∫ ≀⌊∫⌋⊓∇⌉⌈ ⌊† ⊔⟨⌉ ≀⊑⌉∇√↕≀⊔⊔⟩\} ≀{ ≀⊔⟨⌉∇ ∫†⇕⌊≀↕∫ � ⊔⟨⌉\ ⊒⌉ {⊣⟩↕ ⊔≀ ⌈⌉⊔⌉⌋⊔ ⊣⊔ ⊣↕↕ ⊣\⌈ ⊔⟨⌉ ↕⊣⊔⌉\⌋† ⟩∫ ⟩\⊘\⟩⊔⌉↙ I\ F⟩}⊓∇⌉ ∈⇔ ⊔⟨⌉ ⊓∫⌉ ≀{ ⊖∘⪰ ⊣\⌈ ⊖⇓⪰⇔ ⊣∫ ⊒⌉ ⊒⟩↕↕ ∫⌉⌉ ⟩\ ⊣ ↕⊣⊔⌉∇ ∫⌉⌋⊔⟩≀\⇔ ⌉\⟨⊣\⌋⌉∫ ⊔⟨⟩∫ ⌉{⊘⌋⟩⌉\⌋†↙ A∫∫⌉⇕⌊↕† ⟩∫ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ }∇≀⊓√⟩\} ≀{ ⌈⌉⊔⌉⌋⊔⌉⌈ }∇⊣√⟨⟩⌋⊣↕ ⌉↕⌉⇕⌉\⊔∫↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ≀\ ⌉⊣⌋⟨ √⊣\⌉↕ ≀{ F⟩}⊓∇⌉ ∈⇔ ⊒⌉ ⌋⊣\ ⌋↕⊓∫⊔⌉∇ ⊔⟨⌉ ⊖∘⪰ ∫†⇕⌊≀↕∫ ⊣∫ ⊣ ⊒⟨≀↕⌉⇔ ⇕⌉\⊔⊣↕↕† ⊘↕⊔⌉∇⟩\} ≀⊓⊔ ⊔⟨⌉ ≀⊔⟨⌉∇ ⌉↕⌉⇕⌉\⊔∫↙ A∫ ⊒⟩⊔⟨ ⌈⌉⊔⌉⌋⊔⟩≀\⇔ ⊣\ ⊣∫∫⌉⇕⌊↕† ≀√⌉∇⊣⊔⟩≀\ ⟨⊣∫ ⊣ ↕⊣⊔⌉\⌋† ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⟩⊔ ⊔⟨⊣⊔ ⌈⌉⊔⌉∇⇕⟩\⌉∫ ⊔⟨⌉ √⌉∇↖ ⌋⌉√⊔⊓⊣↕ ∫⊣↕⟩⌉\⌋⌉ ⊒⟩⊔⟨ ⊒⟨⟩⌋⟨ ⊔⟨⌉ √⊣⊔⊔⌉∇\ {≀∇⇕∫↙ I\ ▽

F⟩}⊓∇⌉ ∈⇔ ⊔⟨⌉ ⊓∫⌉ ≀{ ⊖∘⪰ ⊣\⌈ ⊖⇓⪰⇔ ⊣∫ ⊒⌉ ⊒⟩↕↕ ∫⌉⌉ ⟩\ ⊣ ↕⊣⊔⌉∇ ∫⌉⌋⊔⟩≀\⇔ ⌉\⟨⊣\⌋⌉∫ ⊔⟨⟩∫ ⌉{⊘⌋⟩⌉\⌋†↙ E∫⊔⟩⇕⊣⊔⟩≀\ ⟩∫ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ ⊣∫∫⌉∫∫⇕⌉\⊔ ≀{ ⊔⟨⌉ ∇⌉↕⊣↖ ⊔⟩⊑⌉ ⇕⊣}\⟩⊔⊓⌈⌉∫ ≀{ ⊔⊒≀ ≀∇ ⇕≀∇⌉ ∐⊓⊣\⊔⟩⊔⊣⊔⟩⊑⌉ √⟨†∫↖ ⟩⌋⊣↕ ⊑⊣↕⊓⌉∫⇔ a and b▷ There are three progressive levels of this operation. discrimination ranking and ratioing▷ Discrimination refers to simply de termining if a = b or if a ≠ b▷ The next level is ranking deciding among a > b a < b and a = b▷ Ratioing is the judgment of a/b▷ In Figure 1 esti mation of the orientation of line segments gives us information about the rate of change of the sunspots through time▷ In Figure 2 estimation of the lengths of line segments connecting the two symbols on each dotted line gives us information about the yield differences between years▷ The ef αciency of the estimation operation is the accuracy of the estimates▷ It is not necessary that a ratioing operation provide several signiαcant digits of ac curacy for pattern perception to be informative▷ As Tukey ↼1993↽ points out the result of an efα cient estimation operation may simply yield one of the following statements. Ψis way belowν Ψis belowν Ψis a little belowν Ψis almost onν Ψis a lit tle aboveν Ψis aboveν and Ψis way aboveν▷ Still in running measuredresponse experiments to probe the efαciency of estimation it can make sense to ask subjects to provide a quantitative value for a judged ratio simply as an experimental expedi ent even though pattern perception does not en tail such a cognitive result ↼Cleveland and McGill 1984 and 1985↽▷ In Figure 2 aligning the panels vertically enhances the accuracy of estimation of differences of yields � for example comparing the overall locations of 1931 yields at two sites � because all data are graphed along a common scale ↼Cleveland and McGill 1984 and 1985↽▷ For example the accuracy would decrease were we to arrange the panels in a three by two rectangular array▷ 2▷4 Three Operations of Table Lookup Three operations of table lookup are scanning interpolation and matching▷ They are all invoked in decoding the scale information of the observation with the largest yield in Figure 2▷ To get the scale value of the largest yield we scan and interpolate. ↼1↽ scan up or down to the horizontal scale line to αx a point along the axis, ↼2↽ interpolate by estimating the distance from the point to the tick mark to the left as a fraction of dis tance between tick marks▷ Then another process takes over, we read the tick mark labels and use the physical interpolation to convert to an interpo lation in data units▷ For most people the decoded scale value would be about 65 bushels◁acre▷ By scanning to the left we get ΨNo▷ 462ν for the va riety▷ The dotted lines of the dot plot increase the speed and accuracy of this table lookup op eration▷ Note that visual guides say in the form of classical grid lines are not used for the table lookup of yield since without them there is sufα cient accuracy to give a rough sense of the scale of the data▷ But for the variety variable we cannot allow a rough decoding, for example decoding the nearby label ΨSvansotaν in place of ΨNo▷ 462ν would not be acceptable▷ Finally by scanning to the right we get ΨWasecaν for the site▷ Matching provides the table lookup for the year variable▷ By matching the Ψ⇁ν encoding the value with the Ψ⇁ν in the key and then reading the label we get Ψ1931ν for the year▷

2▷5 What the Model Achieves and What it Does Not The model posits a collection of visual opera tions that are to be considered in the study of a display method▷ It does not prescribe which of its visual operations are salient in any particular case nor does it provide information about the ef αciency of the salient visual operations once they have been determined▷ Determinations of salience and efαciency must come from basic reasoning the theory of visual perception simple demonstration and formal experimentation▷ But the model does play a vital role in specifying a sufαciently rich col lection of operations that progress can be made in understanding the efαcacy of many display meth ods by considering them▷ The examples in the next sections demonstrate this▷

Figure 3. A visual reference grid for juxtaposed panels▷

3 Visual Reference Grids 3▷1 Operations of Pattern Perception The left two columns of Figure 3 graph eight curves by juxtaposition. each data set is on a sep arate panel▷ We can study the properties of an individual curve from its geometric aspects▷ For example as with the sunspots we detect assem ble and estimate local orientations to study the rel ative rate of change▷ For the curve in the top row and the left column this visual process conveys the following. from the starting value to the min imum the curve is convex, from the minimum to the αnal value it is concave, and the concave sec tion overall has greater curvature than the convex section▷ We can also compare corresponding aspects of different curves▷ For example we cancompare the minima▷ There are a variety of visual processes for doing this▷ One is to detect and cluster the vertical line segments that extend from the bottom lines of the boxes to the points on the curves where the minima occur and then carry out estimation of the lengths of these segments▷ The assembly of these segments must be carried out by a highly at tentive sequential search process with rapid shifts of our eyes from one panel to the next▷ Contrast this with the decoding of the rate of change of the curve in the upper panel▷ The detection and as sembly of the local line segments along the portion of the curve from the beginning to the minimum is carried out considerably faster▷ In fact in do ing this our visual system produces a gestalt a curve object that we see as a single perceptual unit▷ A widely accepted model of vision proposes that such an object forms in the following way. initial parallel operations simultaneously extract local features such as the orientations of local seg ments, different local features are saved in differ ent αles, by focused attention the visual system assembles the features to form the object ↼Treis man 1986↽▷ The much slower sequential opera tions that we must use to compare minima do not result in the formation of an object▷ We cannot readily hold all segments in short term memory and even our cognitive processing our conscious conclusion about relative values must be built up from a sequence of comparisons of subsets of val ues▷ Nevertheless the comparison of minima and other commensurate aspects of the curves is an informative visual process▷ 3▷2 Grids and Table LookUp Grid lines are an oldfashioned display method that has largely been abandoned in the display of scientiαc data because of the ubiquitous use of computers to produce graphs and communi cate data▷ In the era when graphs were made by hand they were also data transmission devices and grid lines were an important display method for increasing the accuracy of table lookup▷ To day such accuracy is not needed and the use of grid lines has declined dramatically▷ 3▷3 Grids and Pattern Perception Grid lines however still have a role to play � the enhancement of pattern perception on graphs with juxtaposed panels▷ In the right two columns of Figure 3 grid lines have been added to graphs of the curves from the left two columns▷ The en tire visual reference grid consists of these new lines together with the solid box▷ Since the purpose of the grid is no longer to enhance drawing or data transmission the grid lines need not be drawn at simple numerical values▷ Rather the important property is that they form equal intervals in the horizontal direction and in the vertical direction▷ Simple demonstration shows that visual refer ence grids enhance the estimation of commensu rate values from different panels▷ Figure 3 is one example▷ Consider just the αve curves that have deep troughs▷ Among other things the visual ref erence grid enables us to more readily carry out the estimation operation for the minima▷ We can do this by detection assembly and estimation of the αve line segments extending from the points of the minima on the curves to the horizontal grid lines just above them or by estimation of the αve lines extending down to the grid lines below▷ The estimation operation involves ranking and crude ratioing▷ Weberφs Law ↼Baird and Noma 1978 Chapter 3↽ implies that the accuracy of estimation for each of these two collections of segments is greater than the accuracy of estimation of the col lection of segments from the minima to the bottom box lines▷ Each of the former has lengths whose pairwise percentage differences are greater than those of the latter▷ Weberφs Law states that the ac curacy of discrimination of two lengths l and l + δl increases with δl/l and is independent of l except for very small l▷ It might be argued that a better solution than visual reference grids is to superpose the curves in the same data region▷ There are two reasons why this is not a good general solution▷ First the over lap of curves can slow down the detection and as sembly of values of each individual curve or even prevent it altogether▷ Second vertical differences between curves are typically poorly detected▷ In stead our system detects minimum rather than vertical distances with a result of frequent dis tortion of patterns ↼Cleveland 1985 pp▷ 271274, Warren 1989↽▷

4 Plotting Symbols On Scatterplots 4▷1 Operations of Pattern Perception Figure 4 has scatterplots in which symbol type encodes a categorical variable▷ The plotting sym bol set affects our ability to carry out the visual op erations of detection and clustering for each group of symbols▷ For example assembly is more efα cient in the top panel of Figure 4 than in the bottom▷ In the bottom panel we must use slower sequen tial search to locate the symbols of each group and this detracts from our ability to assemble but in the top panel the group gestalts form with strong perceptual salience▷ The top panel uses a symbol set whose origin will be described shortly▷ The bot tom panel uses letters that are visually confusable ↼Lewandowsky and Spence 1989↽▷ If color is available simple demonstration shows convincingly that it provides highly efα cient assembly that typically performs noticeably better than different symbol types in black and white▷ Experimental results support the results of theses demonstrations ↼Lewandowsky and Spence 1989↽▷ So too do theories of vision which stipulate that color is extracted locally and in parallel by fast initial visual operations ↼Treisman 1986↽▷ 4▷2 Detection Suppose the medium is black and white and that symbols might overlap▷ The second require ment restricts us to symbols whose abstract rep resentations like regular polygons and the letters of the alphabet consist of corecue symbols▷ Such a symbol is a connected set consisting of a αnite number of rectiαable curves▷ Using these symbols enhances the visual operation of detection when the symbols overlap▷ Symbols such as a αlled cir cle whose abstract mathematical representations have Lebesque measure greater than zero tend to form uninterpretable blobs in the presence of over lap so detection is degraded▷ We do not consider unconnected symbols because in the presence of overlap different pieces of an unconnected sym bol can too easily be rendered visually separated so again detection is degraded▷ 4▷3 Assembly and Texture Perception Picture a room with a plaid rug and a polkadot wall▷ In the language of vision theory the wall and the rug have distinct textures micropatterns with much local variation that nevertheless take on a uniform appearance to our visual system▷ Where the wall and rug meet the visual system perceives a clearly deαned boundary between the texture patterns▷ One current of thinking in vision the ory proposes that boundaries are formed through parallel processing of the local features of the mi cropatterns ↼Julesz 1981↽▷ But some micropatterns with very different local features nevertheless ap pear much like one another▷ Consider the seven panels of Figure 5▷ In each there are two micropat terns left and right with different local features but there is substantial variation in the perceptual salience of the boundaries between the patterns▷ For example there is a strong boundary for Ψ+˚ and Ψ∘⪰⇔ ⊣ ⊒⌉⊣‖⌉∇ ≀\⌉ {≀∇ ⊖T⪰ ⊣\⌈ ⊖L⪰⇔ ⊣\⌈ \≀\⌉ {≀∇ ⊖R⪰ ⊣\⌈ ⊖⇕⟩∇∇≀∇↖R⪰↙ W⟨⊣⊔ √∇≀√⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ ↕≀⌋⊣↕ {⌉⊣⊔⊓∇⌉∫ ∇⌉∫⊓↕⊔ ⟩\ ∫⊔∇≀\} ⌊≀⊓\⌈⊣∇⟩⌉∫ ⊣\⌈ ⊒⟨⊣⊔ √∇≀√⌉∇⊔⟩⌉∫ ⊣∇⌉ ⟩}↖ \≀∇⌉⌈⊥ T⟨⟩∫ ∐⊓⌉∫⊔⟩≀\ ⟨⊣∫ ⌊⌉⌉\ ⟩\⊔⌉\∫⟩⊑⌉↕† ∫⊔⊓⌈↖ ∃

F⟩}⊓∇⌉ △¬ E\⌋≀⌈⟩\} ≀{ ⌋⊣⊔⌉}≀∇⟩⌋⊣↕ ⊑⊣∇⟩⊣⌊↕⌉ ⌊† ∫†⇕⌊≀↕∫ {∇≀⇕ ⊑⟩∫⟩≀\ ⌉§√⌉∇⟩⇕⌉\⊔∫ ⇐⊔≀√ √⊣\⌉↕⇒ ⊣\⌈ ⌊† ⌋≀\{⊓∫⊣⌊↕⌉ ↕⌉⊔⊔⌉∇∫ ⇐⌊≀⊔⊔≀⇕ √⊣\⌉↕⇒↙

∞′

F⟩}⊓∇⌉ ▽¬ T⌉§⊔⊓∇⌉ √⊣⊔⊔⌉∇\∫↙ R⌉√∇≀⌈⊓⌋⌉⌈ ⊒⟩⊔⟨ √⌉∇⇕⟩∫∫⟩≀\ {∇≀⇕ M⊣↕⟩‖ ⊣\⌈ P⌉∇≀\⊣ ⇐∞∃∃′⇒↙

∞∞

T⌉§⊔⊓∇⌉ P⊣⟩∇ E§√⌉∇⟩⇕⌉\⊔ A↕}≀∇⟩⊔⟨⇕ + ∘ ∞′′ △′ + � 88.1 225

L + 68.6 203 L M 165 D ↓ ▽∈↙∋ ∞▽∃ + T 37▷6 120 + X 30▷3 104 T L 30▷6 90 L_L M_L 85 R mirrorR 50 Table 1. Texture Discrimination▷

ied by vision researchers because texture percep tion is one of the important initial processes of our visual algorithms▷ In many cases researchers have used texture patterns made up of corecue symbols ↼Julesz 1981, Marr 1982, Treisman 1986, Kr�ose 1987, Voorhees and Poggio 1988, Fogel and Sagi 1989, Malik and Perona 1990↽▷ An example is Figure 5 which is from a study of computational vision ↼Malik and Perona 1990↽▷ One method for studying texture perception is measuredresponse experiments▷ For example Kr�ose ↼1986 and 1987↽ describes an experiment in which subjects had to determine the presence or absence of a single occurrence of a corecue symbol of a certain type drawn among a texture pattern of corecue symbols of another type▷ The target was drawn just once in a random position in the texture for 60ϱ of the stimuli and was omitted in the others▷ Each stimulus was shown for 80 ms and subjects indicated whether or not they saw the target symbol▷ The percentage of correct answers corrected for guessing measures the degree of tex ture discrimination▷ Column 2 of Table 1 shows percentages from the Kr�ose experiments for seven of the symbol pairs in Figure 5▷ The second method of study of texture percep tion is image processing of texture patterns using algorithms of computational vision that attempt to reproduce the algorithms of the human visual system ↼Marr 1982, Voorhees and Poggio 1988, Fo gel and Sagi 1989, Malik and Perona 1990↽▷ The algorithms employ banks of linear and nonlinear αlters▷ Malik and Perona ↼1990↽ applied such a tex ture algorithm to each panel of Figure 6 to produce a texture image▷ As a measure of the degree of tex ture discriminability they computed an average of the image gradient over the vertical boundary be tween the two regions of symbols▷ This measure is shown in the third column of Table 1▷ Clearly the experimental and algorithmic measures agree quite well▷ Two corecue symbols that provide strong boundaries also provide efαcient assembly on scat terplots▷ In studies of texture perception different patterns almost always do not cover regions that overlap as would the point clouds of many scat terplots but Tremmel ↼1992↽ gives compelling ar guments that the results of the studies are relevant to overlapping patterns as well▷

4▷4 A Set of Four Corecue Symbols That En hance Assembly Bertin ↼1967 and 1983 p▷ 67↽ demonstrates the poor performance of corecue symbols consisting of simple geometric αgures such as circles and regu lar polygons▷ But Bertin ends his discussion with this limited experimentation not considering any other corecue symbol and not invoking the large literature on texture perception available even in 1967 and declares shape ↼forme↽ not to be useful for assembly even though he correctly recognizes that orientation is an important element of pattern perception▷ Here we allow a much wider range of corecue symbols and use the results of studies of texture perception � in particular those reported in Table 1 � to choose a symbol set▷ Table 1 suggests that the four symbols labeled Ψ∘⪰⇔ ⊖L⪰⇔ ⊖⇓⪰⇔ ⊣\⌈ ⊖M⪰ ⊣∇⌉ }≀≀⌈ ⌋⊣\⌈⟩⌈⊣⊔⌉∫↙ T⟨⌉ ⌈⟩∫⌋∇⟩⇕⟩\⊣⊔⟩≀\ ⇕⌉⊣∫⊓∇⌉∫ {≀∇ ⊔⟨≀∫⌉ √⊣⟩∇∫ ≀{ ⊔⟨⌉∫⌉ ∫†⇕⌊≀↕∫ ⊔⟨⊣⊔ ⊣√√⌉⊣∇ ⟩\ ⊔⟨⌉ ⊔⊣⌊↕⌉ ⊣∇⌉ ⟨⟩}⟨↙ S⟩⇕√↕⌉ ⌈⌉⇕≀\∫⊔∇⊣⊔⟩≀\∫ � {≀∇ ⌉§⊣⇕√↕⌉⇔ ⊔⟨⌉ ⊔≀√ √⊣\⌉↕ ≀{ F⟩}⊓∇⌉ △ � ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⟩∫ ∫⌉↕⌉⌋⊔⟩≀\ ⌈≀⌉∫ ∐⊓⟩⊔⌉ ⊒⌉↕↕ ⟩\ √∇⊣⌋⊔⟩⌋⌉↙ ∞∈

F⟩}⊓∇⌉ ¬̸ Y⌉⊣∇↕† ∫⊓\∫√≀⊔ \⊓⇕⌊⌉∇∫ ⊒⟩⊔⟨ ⌈⊣⊔⊣ ∇⌉⌋⊔⊣\}↕⌉∫↙

▽ A∫√⌉⌋⊔ R⊣⊔⟩≀ ▽↙∞ D⌉⊘\⟩⊔⟩≀\∫ F⟩}⊓∇⌉ ̸}∇⊣√⟨∫ ⊔⟨⌉ ∫⊓\∫√≀⊔∫ ⊣}⊣⟩\⇔ ⌊⊓⊔ ⊔⟨⟩∫ ⊔⟩⇕⌉ ⊒⟩⊔⟨ ⊣ ⌈⊣⊔⊣ ∇⌉⌋⊔⊣\}↕⌉ ≀\ ⌉⊣⌋⟨ √⊣\⌉↕⇔ ⊣ ⌊≀§ ⊔⟨⊣⊔ |⊓∫⊔ ⌉\⌋↕≀∫⌉∫ ⊔⟨⌉ ⌈⊣⊔⊣↙ W⌉ ∫⊣⊒ ⌉⊣∇↕⟩⌉∇ ⊔⟨⊣⊔ ↕≀⌋⊣↕ √∇≀√⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ ∫⊓\∫√≀⊔∫ ⊒⌉∇⌉ ⌊⌉⊔⊔⌉∇ ∇⌉⊑⌉⊣↕⌉⌈ ⟩\ ⊔⟨⌉ ⌊≀⊔⊔≀⇕ √⊣\⌉↕↙ A ⌈⌉∇⟩⊑⊣⊔⟩≀\ ⟩\ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\ ↕⌉⊣⌈∫ ⊔≀ ⊣ ⌈⟩∫√↕⊣† ⇕⌉⊔⟨≀⌈ {≀∇ ⌋⟨≀≀∫⟩\} ⊔⟨⌉ ⊣∫√⌉⌋⊔ ∇⊣⊔⟩≀ ⊔⟨⊣⊔ ⇕⊣§⟩⇕⟩‡⌉∫ ⊔⟨⌉ ⊣⌋⌋⊓∇⊣⌋† ≀{ ≀∇⟩⌉\⊔⊣⊔⟩≀\ ⌉∫⊔⟩⇕⊣⊔⟩≀\⇔ ⊒⟨⟩⌋⟨ ↕⌉⊣⌈∫ ⊔≀ ⊣\ ⌉\⟨⊣\⌋⌉⌈ √⊣⊔⊔⌉∇\ √⌉∇⌋⌉√⊔⟩≀\ ≀{ ⌋⊓∇⊑⊣⊔⊓∇⌉↙ L⌉⊔ v be the length of a vertical side of the data rectangle in physical units and let h be the length of a horizontal side▷ Then the aspect ra tio is a(h, v) = v/h▷ In the top panel of Figure 6 a(h, v) = 1 vcm/hcm, where Ψvcm˚ means vertical cm and Ψhcm˚ means horizontal cm, and in the bottom panel, a(h, v) = 0.055 vcm◁hcm▷ Let �v be the vertical length of the data rectangle in scale units▷ In Figure 6 �v = 154.4 sn where sn stands for sunspot number▷ Let �h be the horizon tal length of the data rectangle in scale units▷ In Figure 6 �h = 174 yr. Now v/ �v is the conversion factor that takes the length in the units of the data and changes it to a length in physical units on the graph▷ Similarly h/�h is the conversion factor for the horizontal scale▷ A line segment on a graph has a scale slope � a slope measured in data units ↼sn◁yr in Figure 6↽ � and a physical slope � a slope measured in phys ical units ↼vcm◁hcm↽▷ Consider a collection of n line segments on a graph▷ Let �v_i be the change in data units of the ith line segment along the vertical scale and let v_i(v) be the change in physical units when the vertical length of the data rectangle is v▷ Deαne �h_i and h_i(h) similarly. Then v_i(v)/h_i(h) are the physical slopes and �v i/�hi are the scale slopes▷ Now v_i(v) h_i(h) = a(h, v) v_i(1) h_i(1)

so if a(h, v) is multiplied by a constant, all of the physical slopes are multiplied by the constant. For example, in going from the top to the bottom panel of Figure 6, all physical slopes are multiplied by 0.055 because in the top panel a(h, v) = 1 vcm/hcm, and in the bottom panel, a(h, v) = 0.055 vcm◁hcm▷

5▷2 The Operation of Orientation Estima tion Consider a collection of line segments on a graph for which detection assembly and estima tion provide us with information about rate of change▷ What estimation task is the basis for the pattern perception that gives us information about rate of change⋆ Simple arguments suggest that it is not estimation of the physical slopes of the seg ments but rather estimation of their orientations

θ_i(h, v) = arctan ( v_i(v) h_i(v) ) .

First Marr ↼1982↽ and Stevens ↼1983↽ argue that the estimation of slant and tilt in real 3D scenes is based on orientation and not slope▷ Their studies apply equally well to graphical displays▷ Second suppose we have two line segments with orienta tions θ and θ + δ▷ Suppose the physical slopes of the segments are s and s(1+r). Our ability to carry out the estimation operation of discrimination for the slants of the two segments is nearly indepen- dent of θ ↼Rochlin 1955↽ and depends on δ▷ As δ increases we can more readily discriminate▷ Sim ilar statements do not hold for s and r▷ As s gets either large or small for αxed r we lose all ability to discriminate because the value of δ goes to zero▷ In other words δ not r is the determining factor of discrimination▷

5▷3 Optimization of the Discrimination of Orientation Suppose the line segments to be judged are the successive segments that form a curve on a graph▷ One example is Figure 6▷ This is a spe cial case but the result of the ensuing derivation holds generally▷ Let the orientations be θ_i(h, v), where i increases as we go from left to right on the graph▷ In view of the discussion in Section 5▷2 we can enhance our perception of the local rate of change of the function by making the values of |θ_i+1(h, v) − θ_i(h, v)| ⊣∫ ↕⊣∇}⌉ ⊣∫ √≀∫∫⟩⌊↕⌉ ⊔⟨∇≀⊓}⟨ ⊔⟨⌉ ⌋⟨≀⟩⌋⌉ ≀{ a(h, v); this makes the discrimination of the orientations of successive local segments as accurate as possible, and thus enhances estimation generally.

The ensuing derivation will be simpler if we consider a curve that is twice differentiable over an interval of interest. Let the physical coordinates of the curve be (x, af (x)) when the aspect ratio is a▷ ↼For this derivation we will not show the de pendence of a and h on v▷↽ The goal of having orientations of successive line segments be as dif ferent as possible in the discrete case becomes the goal of having g(x) = arctan(af^′(x))

change as much as possible at each x which means having the derivative g^′(x) = af^{′′}(x) 1 + a2f ′∈(x) be as large as possible in absolute value. Thus, for ffxed x in [a, b], we seek the a that maximizes h(a) = | | | af^{′′}(x) 1 + a2f ′∈(x) | | | . Suppose f^{′′}(x) ≠ 0; otherwise, a has no effect on the variation of g at x▷ Suppose also that f^′(x) ≠ 0; otherwise, there is in some sense no solution since no matter what the value of a there is an interval about x in which g(x) is arbitrarily close to a constant. Since h(a) → ′ ⊣∫ a → ′ ≀∇ a → ∞⇔ ⊒⌉ ‖\≀⊒ ⊔⟨⊣⊔ ⊣ ⇕⊣§⟩⇕⊓⇕ ⌉§⟩∫⊔∫↙ S⌉⊔⊔⟩\} h ′(a) equal to zero yields the solution a(x) = |f′(x)|−∞.

In other words the a that makes g(x) change as much as possible is the a that makes the orientation of the tangent at x equal to π/4 radians or 45^∘⇔ ⟩{ f^′(x) > 0 and −π/4 radians or −△▽^∘⇔ ⟩{ f^′(x) < 0▷ Thus the derivation shows that the perception of rate of change in a neighborhood of x is opti mized by this 45^∘ √∇⟩\⌋⟩√↕⌉↙ A ∫⟩⇕√↕⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ∫⊓√√≀∇⊔∫ ⊔⟨⌉ √∇⟩\⌋⟩√↕⌉↙ I{ y = f (x) is monotone in the neighborhood, then symmetry suggests that optimum pattern perception of curvature should not depend on whether we think of y as a function of x or x as a function of y▷ A similar derivation of the optimum angle taking x as a function of y leads to a result of 45^∘ ⊒⟩⊔⟨ ⊔⟨⌉ ⊑⌉∇⊔⟩⌋⊣↕⇔ ⊒⟨⟩⌋⟨ ⟩⇕√↕⟩⌉∫ △▽ ∘ ⊒⟩⊔⟨ ⊔⟨⌉ ⟨≀∇⟩‡≀\⊔⊣↕⇔ ⊔⟨⌉ ∇⌉∫⊓↕⊔ ⊒⟨⌉\ y is taken as a function of x▷ 45^∘ ⟩∫ ⊔⟨⌉ ≀\↕† ⊣\↖ }↕⌉ ⊔⟨⊣⊔ ⌋⊣\ ∇⌉∫⊓↕⊔ ⟩\ ⊔⟨⌉ ∫⊣⇕⌉ ⊣\∫⊒⌉∇ {≀∇ ⊔⟨⌉ ⊔⊒≀ ⌈⌉∇⟩⊑⊣⊔⟩≀\∫↙

▽↙△ A C≀⇕√∇≀⇕⟩∫⌉ M⌉⊔⟨≀⌈ P⊓⊔⊔⟩\} ⊔⟨⟩∫ △▽ ∘ √∇⟩\⌋⟩√↕⌉ ⊔≀ ⊓∫⌉ ⟩\ √∇⊣⌋⊔⟩⌋⌉ ∇⌉↖ ∐⊓⟩∇⌉∫ ⊣ ⌋≀⇕√∇≀⇕⟩∫⌉∅ ⌈⟩{{⌉∇⌉\⊔ ⊑⊣↕⊓⌉∫ ≀{ x typi cally have different solutions ψa(x), so we cannot optimize simultaneously for all x with a single a▷ The following describes one compromise method▷ Let us return to the general case now of n line segments whose orientations are to be judged▷ Let �v_i = �v_i/ �v and �h_i = �h_i/�h . The orientation of the ith segment is θ_i(h, v) = arctan ( v_i(v) h_i(v) ) = arctan ( a(h, v)�v_i/�h_i ) . The physical length of the ith segment is ℓ_i(h, v) = √ h2_i (h) + v2_i (v) = h √ �h2i + a2(h, v) �v2i . The mean absolute orientation weighted by the line segment lengths is ∑n i=1θi^(h, v^)ℓi^(h, v^) ∑n i=1ℓi^(h, v^) = ∑n i=1arctan^(a^(h, v^{) �}vi/�hi^) √ �h2i + a2(h, v) �v2i ∑n i=1 √ �h2i + a2(h, v) �v2i .

One compromise method is to choose a(h, v) so that this weighted mean is 45 ∘↙ T⟨⌉∇⌉ ⟩∫ \≀ ⌋↕≀∫⌉⌈ {≀∇⇕ ∫≀↕⊓⊔⟩≀\⇔ ⌊⊓⊔ a(h, v) can be determined very rapidly by approximation since the weighted mean is monotone in a(h, v). For the sunspot data, the segments are the local segments connecting successive yearly values. The resulting aspect ratio is 0.055, the value used in the bottom panel of Figure 6, which, as we have seen, leads to successful pattern perception of local curvature. The 45 ∘ ⌋≀⇕√∇≀⇕⟩∫⌉ ⇕⌉⊔⟨≀⌈ ⟩∫ }⌉\⌉∇⊣↕ ⊣\⌈ ⊣√↖ √↕⟩⌉∫ ⊔≀ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ ≀∇⟩⌉\⊔⊣⊔⟩≀\∫ ≀{ ⊣\† ⌋≀↕↖ ↕⌉⌋⊔⟩≀\ ≀{ ↕⟩\⌉ ∫⌉}⇕⌉\⊔∫↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⟩⊔ ⊒⊣∫ ⊣√√↕⟩⌉⌈ ⊔≀ ⊣↕↕ ≀{ ⊔⟨⌉ ↕≀⌋⊣↕ ∫⌉}⇕⌉\⊔∫ ≀{ ⊔⟨⌉ ⌉⟩}⟨⊔ ⌋⊓∇⊑⌉∫ ⟩\ F⟩}⊓∇⌉ ∋ ⊔≀ ⌋⟨≀≀∫⌉ ⊔⟨⌉ ⊣∫√⌉⌋⊔ ∇⊣⊔⟩≀ ≀{ ⊔⟨⌉ ⌋≀⇕⇕≀\ ∫⌋⊣↕⌉∫↙ O{ ⌋≀⊓∇∫⌉⇔ ⊣\† ⌋≀⇕√∇≀↖ ⇕⟩∫⌉ ⇕⌉⊔⟨≀⌈⇔ ⟩\ ⊣⊔⊔⌉⇕√⊔⟩\} ⊔≀ ≀√⊔⟩⇕⟩‡⌉ ≀⊑⌉∇⊣↕↕⇔ ⌋⊣\ ≀√⊔⟩⇕⟩‡⌉ \≀⊒⟨⌉∇⌉⇔ ⌊⊓⊔ ⟩\ }⌉\⌉∇⊣↕ ⊔⟨⌉ ⇕⌉⊣\↖ ≀∇⟩⌉\⊔⊣⊔⟩≀\ ⇕⌉⊔⟨≀⌈ ⌈≀⌉∫ ∇⌉⇕⊣∇‖⊣⌊↕† ⊒⌉↕↕↙ I\ √⊣∇⊔⇔ ⟩⊔∫ }≀≀⌈ √⌉∇{≀∇⇕⊣\⌋⌉ ⟩∫ ⌈⊓⌉ ⊔≀ ⊣\ ⟩\⊑⊣∇⟩⊣\⌋⌉ √∇≀√↖ ⌉∇⊔†↙ S⊓√√≀∫⌉ ⊣ ⌋⊓∇⊑⌉ ⟩∫ ⊒⌉↕↕↖⊣√√∇≀§⟩⇕⊣⊔⌉⌈ ⌊† ⊔⊒≀ ⌈⟩{{⌉∇⌉\⊔ ⌋≀↕↕⌉⌋⊔⟩≀\∫ ≀{ ↕⟩\⌉ ∫⌉}⇕⌉\⊔∫↙ T⟨⌉\ ⊔⟨⌉ ⊔⊒≀ ⌋≀⇕√∇≀⇕⟩∫⌉ ⊑⊣↕⊓⌉∫ ≀{ a(h, v) will be nearly the same.

For a single set of data on a graph there may be two or more sets of line segments that convey quite different blocks of information that are all of interest. This can result in the necessity to draw the graph more than once with different aspect ratios. The above application to the sunspot numbers targeted local line segments to enable a study of local properties. If the compromise method is applied to the segments connecting the cycle peaks, which enhances the perception of the variation of peak values through time, the resulting aspect ratio of the graph is 0.30.

One reaction might be that if studying rate of change is so vital, then we should measure rate of change and graph it directly. This is undoubtedly sometimes true. But data analysis is not always that obliging. Graphs of a response against a factor often lead to the discovery of a relationship between rate of change and level, and a graph of rate of change by itself would not, of course, reveal this. Such a relationship exists for the sunspots. The faster rise than fall is most pronounced for the cycles with high peaks, is less pronounced for those with medium peaks, and disappears for those cycles with the very lowest peaks. Thus, we can- not avoid judgments of dy/dx from a graph of y against x▷ Furthermore as soon as we graph dy/dx against x we αnd ourselves judging d 2y/dx2▷

5▷5 Other Work The 45^∘ √∇⟩\⌋⟩√↕⌉ ⊣∇≀∫⌉ ⊘∇∫⊔ {∇≀⇕ ⇕⌉⊣∫⊓∇⌉⌈↖ ∇⌉∫√≀\∫⌉ ⌉§√⌉∇⟩⇕⌉\⊔∫ ≀{ C↕⌉⊑⌉↕⊣\⌈⇔ M⌋G⟩↕↕⇔ ⊣\⌈ M⌋G⟩↕↕ ⇐∞∃∀∀⇒ ⊒⟨≀ ∫⟨≀⊒ ⊔⟨⊣⊔ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ ∇⊣⊔⌉ ≀{ ⌋⟨⊣\}⌉ ⟩∫ ⇕≀∫⊔ ⊣⌋⌋⊓∇⊣⊔⌉ ⊒⟨⌉\ ≀∇⟩⌉\⊔⊣⊔⟩≀\∫ ⊣∇⌉ ⌋⌉\⊔⌉∇⌉⌈ ≀\ △▽ ∘↙ T⟨⌉ ⊒≀∇‖ ≀{ ⊔⟨⌉∫⌉ ⊣⊓⊔⟨≀∇∫⇔ ⟨≀⊒↖ ⌉⊑⌉∇⇔ ∇⌉∫⊔∫ ≀\ ⊣ √∇⌉⇕⟩∫⌉ ≀{ ∫↕≀√⌉ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ⊣∫ ⊣ ⌊⊣∫⟩∫ ≀{ √⊣⊔⊔⌉∇\ √⌉∇⌋⌉√⊔⟩≀\↙ T⟨⌉ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ ∇⌉⊣↖ ∫≀\⟩\} √∇⌉∫⌉\⊔⌉⌈ ⟨⌉∇⌉ ∫⊓}}⌉∫⊔∫ ⊔⟨⟩∫ ⟩∫ \≀⊔ ⊔⟨⌉ ⌋⊣∫⌉↙ B⊓⊔ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ∇⌉∫⊓↕⊔∫ ≀{ ⊔⟨⌉ ⌉§√⌉∇⟩⇕⌉\⊔ ∇⌉⇕⊣⟩\ ⊑⊣↕⟩⌈ ⊣\⌈ ⊣∇⌉ ⌋≀⇕√↕⌉⇕⌉\⊔⌉⌈ ⌊† ⊔⟨⌉ ⊣∇}⊓⇕⌉\⊔∫ }⟩⊑⌉\ ⟨⌉∇⌉↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ C↕⌉⊑⌉↕⊣\⌈⇔ M⌋G⟩↕↕⇔ ⊣\⌈ M⌋G⟩↕↕ ∫⊓}}⌉∫⊔ ⊣ ⌋≀⇕√∇≀⇕⟩∫⌉ ⇕⌉⊔⟨≀⌈ ⟩\ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⇕⌉⌈⟩⊣\ ⊣⌊∫≀↕⊓⊔⌉ ≀∇⟩⌉\⊔⊣⊔⟩≀\ ⟩∫ ∫⌉⊔ ⊔≀ △▽ ∘↙ T⟨⟩∫ ⇕⌉⊔⟨≀⌈ ⌈≀⌉∫ \≀⊔ ⟨⊣⊑⌉ ⊔⟨⌉ ⟩\⊑⊣∇⟩⊣\⌋⌉ √∇≀√⌉∇⊔† ≀{ ⊔⟨⌉ ⊒⌉⟩}⟨⊔⌉⌈↖⇕⌉⊣\ ⇕⌉⊔⟨≀⌈⇔ ⊣\⌈ ⌈≀⌉∫ \≀⊔ ⌈≀ ⊣∫ ⊒⌉↕↕ ⟩\ √∇⊣⌋⊔⟩⌋⌉↙ B⌉∇⊔⟩\ ⇐∞∃ ̸⊣\⌈ ∞∃∀∋⇔ √↙ ∞∀⇒ ⊣↕∫≀ ⊣⌈⌈∇⌉∫∫⌉∫ ⊔⟨⌉ ⌉{{⌉⌋⊔ ≀{ ⊔⟨⌉ ⊣∫√⌉⌋⊔ ∇⊣⊔⟩≀ ≀\ |⊓⌈}⟩\} ∇⊣⊔⌉ ≀{ ⌋⟨⊣\}⌉↙ H⌉ ⌋≀∇∇⌉⌋⊔↕† ⟩⌈⌉\⊔⟩⊘⌉∫ ⊔⟨⌉ ∇≀↕⌉ ≀{ ≀∇⟩⌉\↖ ⊔⊣⊔⟩≀\ ⊣\⌈ ⊔⟨⌉ ⌉{{⌉⌋⊔ ≀{ ⊣∫√⌉⌋⊔ ∇⊣⊔⟩≀ ≀\ ≀∇⟩⌉\⊔⊣⊔⟩≀\↙ B⌉∇⊔⟩\ ⟩⌈⌉\⊔⟩⊘⌉∫ ⊔⊒≀ ⌋⊣∫⌉∫↙ T⟨⌉ ⊘∇∫⊔ ⟩∫ ⊔⟨⌉ ⌉↕⌉⇕⌉\↖ ⊔⊣∇† ↕⌉⊑⌉↕ ⇐\⟩⊑⌉⊣⊓ ≻⌉↕≻⌉⇕⌉\⊔⊣⟩∇⌉⇒↙ B† ⊔⟨⟩∫⇔ ⟨⌉ ⇕⌉⊣\∫ ⊔⟨⌉ ↕≀⌋⊣↕ √∇≀√⌉∇⊔⟩⌉∫ ⌋≀\⊑⌉†⌉⌈ ⌊† ≀∇⟩⌉\⊔⊣⊔⟩≀\∫ ≀{ ↕≀⌋⊣↕ ↕⟩\⌉ ∫⌉}⇕⌉\⊔∫↙ H⟩∫ ∫≀↕⊓⊔⟩≀\ {≀∇ ⊔⟨⌉ ⌉↕⌉⇕⌉\↖ ⊔⊣∇† ↕⌉⊑⌉↕ ⟩∫ ⊔≀ ⌋⟨≀≀∫⌉ ⊔⟨⌉ ⊣∫√⌉⌋⊔ ∇⊣⊔⟩≀ ⊔≀ ⌋⌉\⊔⌉∇ ≀∇⟩⌉\⊔⊣⊔⟩≀\∫ ≀\ ′ ∘⇔ ⊣ \⊓⇕⌊⌉∇ }⟩⊑⌉\ ⊒⟩⊔⟨≀⊓⊔ ⊣\† ∫⊓√√≀∇⊔⟩\} ⊣∇}⊓⇕⌉\⊔↙ T⟨⌉ ⊣⌊≀⊑⌉ ⊣∇}⊓⇕⌉\⊔∫ ⊣\⌈ ⌉⇕√⟩∇⟩⌋⊣↕ ∇⌉∫⊓↕⊔∫ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⊑⊣↕⊓⌉ ⟩∫ ⟩\↖ ⌋≀∇∇⌉⌋⊔↙ B⌉∇⊔⟩\≃∫ ∫⌉⌋≀\⌈ ⌋⊣∫⌉ ⟩∫ ⊔⟨⌉ ⌉\∫⌉⇕⌊↕⌉ ↕⌉⊑⌉↕ ⇐\⟩⊑⌉⊣⊓ ⌈⌉ ↕≃≻⌉\∫⌉⇕⌊↕⌉⇒↙ B† ⊔⟨⟩∫ ⟨⌉ ⇕⌉⊣\∫ ⊔⟨⌉ ⟩\{≀∇↖ ⇕⊣⊔⟩≀\ ⌋≀\⊔⊣⟩\⌉⌈ ⟩\ ⊣ ↕≀⊒↖{∇⌉∐⊓⌉\⌋† ⊔∇⌉\⌈ ⌋⊓∇⊑⌉ ≀\ ⊣ ⊔⟩⇕⌉ ∫⌉∇⟩⌉∫ }∇⊣√⟨ ≀∇ ⊣ ∇⌉}∇⌉∫∫⟩≀\ ⌋⊓∇⊑⌉ ≀\ ⊣ ⇕≀∇⌉ }⌉\⌉∇⊣↕ {⊣⌋⊔≀∇↖∇⌉∫√≀\∫⌉ }∇⊣√⟨↙ H⟩∫ ∫≀↕⊓⊔⟩≀\⇔ ⊣}⊣⟩\⇔ }⟩⊑⌉\ ⊒⟩⊔⟨≀⊓⊔ ∫⊓√√≀∇⊔⟩\} ⊣∇}⊓⇕⌉\⊔∫⇔ ⟩∫ ⊣\ ⊣∫√⌉⌋⊔ ∇⊣⊔⟩≀ ≀{ ≀\⌉↙ T⟨⟩∫ ⟩∫ ⊣↕∫≀ ⟩\⌋≀∇∇⌉⌋⊔↙ T⟨⌉ △▽ ∘ √∇⟩\⌋⟩√↕⌉ ⊣√√↕⟩⌉∫ ⌉∐⊓⊣↕↕† ⊒⌉↕↕ ⊔≀ ⊔≀ ⊣ ⊔∇⌉\⌈ ⌋⊓∇⊑⌉⇔ ⊣\⌈ ⊔⟨⌉ ∇⌉∫⊓↕⊔⟩\} ⊣∫√⌉⌋⊔ ∇⊣⊔⟩≀ ⌈⌉√⌉\⌈∫ ≀\ ⊔⟨⌉ √∇≀√↖ ⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉ ⌋⊓∇⊑⌉ ⊣\⌈ ≀{⊔⌉\ ⌈⌉⊑⟩⊣⊔⌉∫ ∫⊓⌊∫⊔⊣\⊔⟩⊣↕↕† {∇≀⇕ ≀\⌉↙

̸D⟩∫⌋⊓∫∫⟩≀\ W⟨⟩↕⌉ ⊔⟨⌉ ⌋≀⇕√≀∫⟩⊔⟩≀\ ≀{ ⊔⟨⌉ ⇕≀⌈⌉↕ ⟩∫ \⌉⊒⇔ ⌉⊣⌋⟨ ≀{ ⟩⊔∫ ⌋≀⇕√≀\⌉\⊔∫ ⟨⊣∫ ⌊⌉⌉\ ∫⌉↕⌉⌋⊔⌉⌈ {∇≀⇕ ⊣⇕≀\} ⇕⊣\† ⊑⟩∫⊓⊣↕ ≀√⌉∇⊣⊔⟩≀\∫ ⌈⟩∫⌋⊓∫∫⌉⌈ ⌉↕∫⌉⊒⟨⌉∇⌉⇔ ⌉⟩↖ ⊔⟨⌉∇ ⟩⇕√↕⟩⌋⟩⊔↕† ≀∇ ⌉§√↕⟩⌋⟩⊔↕†↙ B⌉∇⊔⟩\ ⇐∞∃⇎ √↙ ∞∋⇔ ⊣\⌈ ∞∃∀∋⇔ √↙ ∞∞⇒ ⌈⌉⊘\⌉∫ ⊣ ⊑⟩∫⊓⊣↕ ≀√⌉∇⊣⊔⟩≀\ ⌋⊣↕↕⌉⌈ ∫⌉↕⌉⌋⊔⟩≀\ ⇐∫≻⌉↕⌉⌋⊔⟩≀\⇒ ⊔⟨⊣⊔ ⌋≀∇∇⌉∫√≀\⌈∫⇔ {≀∇ √∇⊣⌋⊔⟩↖ ⌋⊣↕ √⊓∇√≀∫⌉∫⇔ ⊔≀ ⊣∫∫⌉⇕⌊↕†↙ T⟨⟩∫ ⊣∫∫⌉⇕⌊↕† ≀√⌉∇↖ ⊣⊔⟩≀\ ⟩∫ ⊣↕∫≀ ⌈⌉⊘\⌉⌈ ⊣\⌈ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉⌈ ⌊† C↕⌉⊑⌉↖ ↕⊣\⌈ ⇐∞∃∀▽⇔ √↙ ∞∃∞⇒ ⊓∫⟩\} ∫⟩⇕√↕⌉ ⌈⌉⇕≀\∫⊔∇⊣⊔⟩≀\⇔ ⌊† L⌉⊒⊣\⌈≀⊒∫‖† ⊣\⌈ S√⌉\⌋⌉ ⇐∞∃∀∃⇒ ⊣\⌈ T∇⌉⇕↖ ⇕⌉↕ ⇐∞∃∃∈⇒ ⊓∫⟩\} ⇕⌉⊣∫⊓∇⌉⌈↖∇⌉∫√≀\∫⌉ ⌉§√⌉∇⟩⇕⌉\⊔∫⇔ ⊣\⌈ ⌊† K≀∫∫↕†\ ⇐∞∃∀∃⇒ ⊣\⌈ P⟩\‖⌉∇ ⇐∞∃∃′⇒ ⊓∫⟩\} ⊔⟨⌉ ⊔⟨⌉≀∇† ≀{ ⌋≀}\⟩⊔⟩⊑⌉ √∫†⌋⟨≀↕≀}†↙ C↕⌉⊑⌉↕⊣\⌈ ⇐∞∃∀▽⇔ √↙ ∈∃∞⇒ ⌈⌉⊘\⌉∫ ⊣\⌈ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉∫ ⊔⟨⌉ ⌈⌉⊔⌉⌋⊔⟩≀\ ≀√↖ ⌉∇⊣⊔⟩≀\⇔ ⊒⟨⟩⌋⟨ ⟩∫ ∫⟩⇕⟩↕⊣∇ ⊔≀ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\ ≀{ ⊣⌊∫≀↕⊓⊔⌉ ⌈⟩∫⌋∇⟩⇕⟩\⊣⊔⟩≀\ ≀{ K≀∫∫↕†\ ⇐∞∃∀∃⇒↙ B⌉∇⊔⟩\ ⌈⌉⊘\⌉∫ ⊣\ ≀√⌉∇⊣⊔⟩≀\ ≀{ ⟩⌈⌉\⊔⟩⊘⌋⊣⊔⟩≀\ ⇐⟩⌈⌉\⊔⟩⊘⌋⊣⊔⟩≀\⇒ ⇐∞∃ ̸⊣\⌈ ∞∃∀∋⇔ √↙ ∞∃⇒⇔ ⌊⊓⊔ ⟩⊔ ⟩∫ ⇕⊓⌋⟨ ⌊∇≀⊣⌈⌉∇ ⊣\⌈ ∇⌉{⌉∇∫ ⊔≀ ⊣ ⌋≀}\⟩⊔⟩⊑⌉ √∇≀⌋⌉∫∫ ⊒⟨≀∫⌉ ⌉\⌈ ∇⌉∫⊓↕⊔ ⟩∫ ⊣\ ⊓\⌈⌉∇↖ ∫⊔⊣\⌈⟩\} ≀{ ⊔⟨⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔⟨⊣⊔ ⟩∫ ⌉\⌋≀⌈⌉⌈ ⌊† ⊣ ∫⌉⊔ ≀{ }∇⊣√⟨⟩⌋⊣↕ ⌉↕⌉⇕⌉\⊔∫↙ C↕⌉⊑⌉↕⊣\⌈ ⊣\⌈ M⌋G⟩↕↕ ⇐∞∃∀△ ⊣\⌈ ∞∃∀▽⇒ √∇⌉∫⌉\⊔ ⊣ ⌋≀⇕√∇⌉⟨⌉\∫⟩⊑⌉ ∫⊔⊓⌈† ≀{ ⊔⟨⌉ ∇⊣⊔⟩≀⟩\} ≀√⌉∇⊣⊔⟩≀\ ≀{ ⌉∫⊔⟩⇕⊣⊔⟩≀\⇔ ⌈∇⊣⊒⟩\} ≀\ ⌊≀⊔⟨ ⇕⌉⊣∫⊓∇⌉⌈↖∇⌉∫√≀\∫⌉ ⌉§√⌉∇⟩⇕⌉\⊔∫ ⊣\⌈ ⊑⟩↖ ∫⟩≀\ ⊔⟨⌉≀∇†↙ B⊓⊔ ⊔⟨⌉† ⌈≀ \≀⊔ ⌋≀\∫⟩⌈⌉∇ ⌈⟩∫⌋∇⟩⇕⟩↖ \⊣⊔⟩≀\ ⊣\⌈ ∇⊣\‖⟩\}↙ T⟨⟩∫ ⊣\⌈ ≀⊔⟨⌉∇ ⊒≀∇‖ ≀\ ∇⊣↖ ⊔⟩≀⟩\} ⟩∫ ∇⌉⊑⟩⌉⊒⌉⌈ ⌊† S√⌉\⌋⌉ ⊣\⌈ L⌉⊒⊣\⌈≀⊒∫‖† ⇐⊔≀ ⊣√√⌉⊣∇⇒↙ B⌉∇⊔⟩\ ⇐∞∃ ̸⊣\⌈ ∞∃∀∋⇔ √↙ ∃⇏ ⌈⌉⊘\⌉∫ ∐⊓⊣\⊔⟩⊔⊣⊔⟩⊑⌉ √⌉∇⌋⌉√⊔⟩≀\ ⇐√⌉∇⌋⌉√⊔⟩≀\ ∐⊓⊣\⊔⟩⊔⊣⊔⟩⊑⌉⇒⇔ ⊣\ ≀√⌉∇⊣⊔⟩≀\ ⊔⟨⊣⊔ ∇⌉{⌉∇∫ ⊔≀ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ ∫⟩‡⌉ ⇐⊔⊣⟩↕↕⌉⇒↙ H⌉ ⌈≀⌉∫ \≀⊔ ⊣↕↕≀⊒ {≀∇ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ ≀∇⟩⌉\⊔⊣⊔⟩≀\ ⌊⌉†≀\⌈ ⌈⟩∫⌋∇⟩⇕⟩\⊣⊔⟩≀\⇔ ⊣\⌈ ⌈≀⌉∫ \≀⊔ ⌈⟩{{⌉∇⌉\⊔⟩⊣⊔⌉ ⌈⟩{{⌉∇⌉\⊔ ∫⟩‡⌉ ⌉\⌋≀⌈⟩\}∫ ⌊† ⊣⌋⌋⊓∇⊣⌋†↙ T⟨⌉ ∫⊣↕⟩⌉\⊔ ⊣∫√⌉⌋⊔ ≀{ ⊔⟨⌉ ⇕≀⌈⌉↕ ⟩∫ ⟩⊔∫ ⌋≀⇕√≀↖ ∫⟩⊔⟩≀\ � ⊔⟨⌉ |⊓⌈}⇕⌉\⊔ ≀{ ⊒⟨⟩⌋⟨ ⌋≀⇕√≀\⌉\⊔∫ ≀{ ⊔⟨⌉ ⊑⊣∫⊔↕† ⌋≀⇕√↕⌉§ √∇≀⌋⌉∫∫ ≀{ ⊑⟩∫⟩≀\ ⊔≀ ⟩\⌋↕⊓⌈⌉↙ T⟨⌉ ⌋⟨≀⟩⌋⌉ ≀{ ⌋≀⇕√≀\⌉\⊔∫ ⌈≀⌉∫ \≀⊔ ⟨⊣⊑⌉ ⊔⟨⌉ }≀⊣↕ ≀{ √∇≀⊑⟩⌈⟩\} ⊣ ⌋≀⇕√↕⌉⊔⌉ ⌈⌉∫⌋∇⟩√⊔⟩≀\ ≀{ ⊔⟨⌉ ⌉\⊔⟩∇⌉ √∇≀⌋⌉∫∫ ⊔⟨⊣⊔ }≀⌉∫ {∇≀⇕ ∫⌉\∫≀∇† ⟩\√⊓⊔ ≀\ ⊔⟨⌉ ∇⌉⊔⟩↖ \⊣∫ ⊔≀ ⌋≀\⌋↕⊓∫⟩≀\∫ {∇≀⇕ ⊔⟨⌉ ⌈⊣⊔⊣ ⇐K≀∫∫↕†\ ∞∃∀∃∅ P⟩\‖⌉∇ ∞∃∃′⇒↙ R⊣⊔⟨⌉∇⇔ ⊔⟨⌉ }≀⊣↕ ⟩∫ ⊣\ ⌉\}⟩\⌉⌉∇⟩\} ≀\⌉¬ ⌈⌉⊑⟩∫⌉ ⊣ {∇⊣⇕⌉⊒≀∇‖ ⊔⟨⊣⊔ ⌋⊣\ }⊓⟩⌈⌉ ⟩\⊑⌉∫⊔⟩↖ }⊣⊔⟩≀\∫ ≀{ ⌈⟩∫√↕⊣† ⇕⌉⊔⟨≀⌈∫ ≀{ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ }∇⊣√⟨⟩⌋∫ ⟩\ ≀∇⌈⌉∇ ⊔≀ ⟩⇕√∇≀⊑⌉ ⊔⟨⌉ ⇕⌉⊔⟨≀⌈∫↙ T⟨⊓∫ ⊔⟨⌉ ⌈⌉↖ ⊑⌉↕≀√⇕⌉\⊔ ≀{ ⊔⟨⌉ ⇕≀⌈⌉↕ ∇⌉∐⊓⟩∇⌉∫ |⊓⌈}⇕⌉\⊔∫ ≀{ ⊔⟨⌉ ↕⟩‖⌉↕† ⌊⌉\⌉⊘⊔ ≀{ ⇕⊣\† ⌈⟩{{⌉∇⌉\⊔ √≀⊔⌉\⊔⟩⊣↕ ⊣∫√⌉⌋⊔∫

∞

⊔⟨⊣⊔ ⌋≀⊓↕⌈ ⌊⌉ ⟩\⌋↕⊓⌈⌉⌈↙ W⟨⊣⊔ ⟩∫ ↕⌉{⊔ ≀⊓⊔ ⟩∫ ⊣∫ ⟩⇕√≀∇↖ ⊔⊣\⊔ ⊣∫ ⊒⟨⊣⊔ ⟨⊣∫ ⌊⌉⌉\ ⟩\⌋↕⊓⌈⌉⌈↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊔⟨⌉ ⇕≀⌈⌉↕ ⌋≀\⊔⊣⟩\∫ \≀ ⌈⌉↕⟩\⌉⊣⊔⟩≀\ ≀{ }∇⊣√⟨ ∫⌋⟨⌉⇕⊣⊔⊣⇔ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⊔⌉⇕√↕⊣⊔⌉∫ ∫⊔≀∇⌉⌈ ⟩\ ⇕⌉⇕≀∇† ⊔⟨⊣⊔ ⊣∇⌉ ⇕⊣⊔⌋⟨⌉⌈ ⊔≀ ⟩\√⊓⊔ ⊣\⌈ ⊣⟩⌈ ⟩\ ≀⊓∇ ∇⌉⌋≀}\⟩⊔⟩≀\ ≀{ ≀⌊↖ |⌉⌋⊔∫ ⇐K≀∫∫↕†\ ∞∃∀∃∅ P⟩\‖⌉∇ ∞∃∃′⇒↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⌉§⊔∇⌉⇕⌉⇔ ⊔⟨⌉ ⇕≀⌈⌉↕ ⟩\⌋↕⊓⌈⌉∫ ⇕≀∇⌉ ⊔⟨⊣\ ⊣\ ⌉⊣∇↕⟩⌉∇ ⇕≀⌈⌉↕ ≀{ C↕⌉⊑⌉↕⊣\⌈ ⊣\⌈ M⌋G⟩↕↕ ⇐∞∃∀△ ⊣\⌈ ∞∃∀▽⇒⇔ ⊒⟨⟩⌋⟨ ⊣⊔⊔⌉⇕√⊔⌉⌈ ⊔≀ ⊣∫∫⌉∫∫ ⌈⟩∫√↕⊣† ⇕⌉⊔⟨≀⌈∫ ∫≀↕⌉↕† ≀\ ⊔⟨⌉ ⌊⊣∫⟩∫ ≀{ ⊔⟨⌉ ⊣⌋⌋⊓∇⊣⌋† ≀{ ⌉∫⊔⟩⇕⊣⊔⟩≀\↙ T⟨⌉ ∫⌉↕⌉⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⇕≀⌈⌉↕ ⌋≀⇕√≀\⌉\⊔∫⇔ ⊔⟨⌉ ∇⌉↖ ∫≀⊓∇⌋⌉∫ ≀⊓⊔↕⟩\⌉⌈ {≀∇ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩\} ⊔⟨⌉⇕⇔ ⊣\⌈ ⊔⟨⌉ ⌉§⊣⇕√↕⌉∫ ⊓∫⌉⌈ ⊔≀ ⟩↕↕⊓∫⊔∇⊣⊔⌉ ⊔⟨⌉⟩∇ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⊔≀ ∫⊔⊓⌈†⟩\} ⌈⟩∫√↕⊣† ⇕⌉⊔⟨≀⌈∫⇔ ⊣↕↕ ⌋≀⇕⌊⟩\⌉ ⊔≀ ⇕⊣‖⌉ ⊔⟨⌉ {∇⊣⇕⌉⊒≀∇‖ ≀\⌉ ⊔⟨⊣⊔ {≀⌋⊓∫⌉∫ ≀\ √⌉∇⌋⌉√⊔⊓⊣↕ √∇≀↖ ⌋⌉∫∫⟩\}↙ O⊔⟨⌉∇ ⌋⊓∇∇⌉\⊔∫ ≀{ ⊒≀∇‖ ⟨⊣⊑⌉ ⟨⊣⌈ ⌈⟩{{⌉∇⌉\⊔ ⌉⇕√⟨⊣∫⌉∫↙ H⊣⌊⌉∇ ⊣\⌈ W⟩↕‖⟩\∫≀\ ⇐∞∃∀∈⇒⇔ K≀∫∫↕†\ ⇐∞∃∀▽ ⊣\⌈ ∞∃∀∃⇒⇔ S⟩⇕‖⟩\ ⊣\⌈ H⊣∫⊔⟩⌉ ⇐∞∃∀⇒⇔ T⊑⌉∇∫‖† ⊣\⌈ S⌋⟨⟩↖ ⊣\≀ ⇐∞∃∀∃⇒⇔ P⟩\‖⌉∇ ⇐∞∃∃′⇒⇔ ⊣\⌈ L≀⟨∫⌉ ⇐∞∃∃∞⇒⇔ ⊣↕↕ ⊒⟩⊔⟨⟩\ ⊣ ⊒⟩⊔⟨ ⊣ ⇕≀∇⌉ }⌉\⌉∇⊣↕ {∇⊣⇕⌉⊒≀∇‖ ≀{ ⊑⟩∫⊓⊣↕ ⟩\{≀∇⇕⊣⊔⟩≀\ √∇≀⌋⌉∫∫⟩\}⇔ ⟨⊣⊑⌉ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉⌈ ∫⌉\↖ ∫≀∇†⇔ ∫⟨≀∇⊔↖⊔⌉∇⇕ ⇕⌉⇕≀∇†⇔ ⊣\⌈ ↕≀\}↖⊔⌉∇⇕ ⇕⌉⇕≀∇† √∇≀⌋⌉∫∫⌉∫↙ S√⌉\⌋⌉ ⊣\⌈ L⌉⊒⊣\⌈≀⊒∫‖† ⇐⊔≀ ⊣√√⌉⊣∇⇒ √∇≀⊑⟩⌈⌉ ⊣ ∇⌉⊑⟩⌉⊒ ≀{ ⊔⟨⟩∫ ⌋⊓∇∇⌉\⊔ ≀{ ∇⌉∫⌉⊣∇⌋⟨↙ M⊓⌋⟨ ⟩\ ⊔⟨⌉∫⌉ ⊔∇⌉⊣⊔⇕⌉\⊔∫ ⌈∇⊣⊒∫ ⟨⌉⊣⊑⟩↕† ≀\ ⊔⟨⌉ ⇕≀∇⌉ }⌉\↖ ⌉∇⊣↕ ⊔⟨⌉≀∇† ≀{ ⇕⌉\⊔⊣↕ ⟩⇕⊣}⌉∇† ⇐H⊣∫⊔⟩⌉ ∞∃∀∞∅ K≀∫∫↖ ↕†\ ∞∃∀′∅ S√≀⌉⟨∇ ⊣\⌈ L⌉⟨⇕‖⊓⟨↕⌉ ∞∃∀∈∅ U↕↕⇕⊣\ ∞∃∀△⇒↙ T⟨⌉ P⟩\‖⌉∇ ⊒≀∇‖⇔ ⊒⟩⌈⌉↕† ⌈⟩∫∫⌉⇕⟩\⊣⊔⌉⌈ ⟩\ √∇⌉√∇⟩\⊔ {≀∇⇕ {≀∇ ⊣ \⊓⇕⌊⌉∇ ≀{ †⌉⊣∇∫⇔ ⌋≀\∫⟩∫⊔∫ ≀{ ⊣ ⇕≀⌈⌉↕ ⊒⟩⊔⟨ ⊣ ∫⌉∐⊓⌉\⌋⌉ ≀{ ∫⊔⊣}⌉∫ ⊔⟨⊣⊔ ⌈⌉∫⌋∇⟩⌊⌉ ⊔⟨⌉ ⇕≀⊑⌉⇕⌉\⊔ ≀{ ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ∫⌉\∫≀∇† √∇≀⌋⌉∫∫⌉∫ ⊔≀ ⌋≀\∫⌋⟩≀⊓∫ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌈⊣⊔⊣↙ A ⌋∇⟩⊔⟩⌋⊣↕ ⌉↕⌉⇕⌉\⊔ ⟩∫ ⊔⟨⌉ ⌈⌉↕⟩\⌉⊣⊔⟩≀\ ≀{ ∫⌋⟨⌉⇕⊣⊔⊣ ⊔⟨⊣⊔ ⌋≀\⊔∇≀↕ ⊔⟨⌉ ≀∇}⊣\⟩‡⊣⊔⟩≀\ ≀{ ∫⌉\∫⌉⌈ ⊑⟩∫⊓⊣↕ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣\⌈ ⊔⟨⊣⊔ √∇≀⊑⟩⌈⌉ {≀∇ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\↙ S⟩⇕‖⟩\ ⊣\⌈ H⊣∫⊔⟩⌉ ⇕⊣‖⌉ ⟨†√≀⊔⟨⌉∫⌉∫ ⊣⌊≀⊓⊔ ≀√⌉∇⊣⊔⟩≀\∫ ≀{ ⊑⟩∫⊓⊣↕ √∇≀↖ ⌋⌉∫∫⟩\}⇔ ⊣\⌈ √∇≀⌊⌉ ⊔⟨⌉∫⌉ ⟨†√≀⊔⟨⌉∫⌉∫ ⊒⟩⊔⟨ ⌉§√⌉∇⟩↖ ⇕⌉\⊔∫↙ K≀∫∫↕†\ √∇⌉∫⌉\⊔∫ ⊣ ⌋≀⇕√∇⌉⟨⌉\∫⟩⊑⌉ ⊣\⊣↕†⊔⟩⌋ ∫⌋⟨⌉⇕⌉ ⊒⟨≀∫⌉ }≀⊣↕ ⟩∫ ⊔≀ √∇≀⊑⟩⌈⌉ ⊣ ⇕⌉⊔⟨≀⌈ ≀{ ⊣∫↖ ∫⌉∫∫⟩\} ⊔⟨⌉ ⌉{{⌉⌋⊔⟩⊑⌉\⌉∫∫ ≀{ }∇⊣√⟨∫↙ T⟨⌉ √⟨†∫⟩⌋⊣↕ ↕⊣†≀⊓⊔ ≀{ ⊣ }∇⊣√⟨ ⟩∫ ⌊∇≀‖⌉\ ⊓√ ⟩\⊔≀ {≀⊓∇ √⟩⌉⌋⌉∫ ⇐{∇⊣⇕⌉⊒≀∇‖⇔ ∫√⌉⌋⟩⊘⌉∇⇔ ↕⊣⌊⌉↕∫⇔ ⊣\⌈ ⌊⊣⌋‖}∇≀⊓\⌈⇒⇔ ⊣\⌈ ⊔⟨⌉∇⌉ ⊣∇⌉ ⊔⟨∇⌉⌉ ↕⌉⊑⌉↕∫ ≀{ ⊣\⊣↕†∫⟩∫ ⇐∫†\⊔⊣⌋⊔⟩⌋⇔ ∫⌉⇕⊣\⊔⟩⌋⇔ ⊣\⌈ √∇⊣}⇕⊣⊔⟩⌋⇒↙ T⊑⌉∇∫‖† ⊣\⌈ S⌋⟨⟩⊣\≀ ∫⊔⊓⌈† ↕≀\}↖⊔⌉∇⇕ ⇕⌉⇕≀∇† √∇≀⌋⌉∫∫⌉∫⇔ ⌈⌉⇕≀\∫⊔∇⊣⊔↖ ⟩\} ⌈⟩∫⊔≀∇⊔⟩≀\∫ ≀{ }∇⊣√⟨⟩⌋⊣↕ √⊣⊔⊔⌉∇\∫ ⟨⌉↕⌈ ⟩\ ⇕⌉⇕↖ ≀∇†↙ F⟩\⊣↕↕†⇔ L≀⟨∫⌉ ⇐∞∃∃∞⇒⇔ ⟩\ ⊣\ ⟩\⊔⌉∇⌉∫⊔⟩\} √⊣√⌉∇⇔

⌈⌉∫⌋∇⟩⌊⌉∫ ⊣ ⌋≀⇕√⊓⊔⌉∇ √∇≀}∇⊣⇕ ⊔⟨⊣⊔ ⇕≀⌈⌉↕∫ √⌉∇↖ ⌋⌉√⊔⊓⊣↕ ⊣\⌈ ⌋≀}\⟩⊔⟩⊑⌉ √∇≀⌋⌉∫∫⌉∫↙ A\≀⊔⟨⌉∇ ⌋⊓∇∇⌉\⊔ ≀{ ∇⌉∫⌉⊣∇⌋⟨ ⊔⊣‖⌉∫ ⊣ ⇕≀∇⌉ ⌊⌉⟨⊣⊑↖ ⟩≀∇⟩∫⊔⟩⌋ ⊣√√∇≀⊣⌋⟨↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ D⟩⌋‖∫≀\⇔ D⌉S⊣\⌋↖ ⊔⟩∫⇔ ⊣\⌈ M⌋B∇⟩⌈⌉ ⇐∞∃∀⇏ ⊣\⌈ B⌉\⌊⊣∫⊣⊔⇔ D⌉§⊔⌉∇⇔ ⊣\⌈ T≀⌈⌈ ⇐∞∃∀⇏ ⌈⌉∫⌋∇⟩⌊⌉ ⌉§√⌉∇⟩⇕⌉\⊔∫ ⊔⟨⊣⊔ √∇≀⌊⌉ ⊔⟨⌉ ⌈⌉⌋⟩∫⟩≀\∫ √⌉≀√↕⌉ ⇕⊣‖⌉ {∇≀⇕ ∫⊔⊓⌈†⟩\} }∇⊣√⟨⟩⌋⊣↕ ⌈⟩∫√↕⊣†∫↙ M⊣⌋⌉⊣⌋⟨∇⌉\ ⊣\⌈ G⊣\⊔⌉∇ ⇐∞∃∃′⇒ ⌈⟩∫⌋⊓∫∫ ⌊⌉⟨⊣⊑⟩≀∇⇔ ⌊⊓⊔ {≀⌋⊓∫ ≀\ ⌉√⟩∫⊔⌉⇕≀↕≀}†⇔ ⊣\⌈ √∇⌉∫⌉\⊔ ⊣ ⇕≀⌈⌉↕ ≀{ ⟨≀⊒ ⟩\∫⟩}⟨⊔ ⟩∫ √∇≀⊑⟩⌈⌉⌈ ⊔≀ }⌉≀}∇⊣√⟨⌉∇∫ ⊣\⌈ ⌉⊣∇⊔⟨ ∫⌋⟩⌉\⊔⟩∫⊔∫ ⌊† ⌋⊣∇⊔≀}∇⊣√⟨⟩⌋ ⊑⟩∫⊓⊣↕⟩‡⊣⊔⟩≀\↙ T⟨⌉ |⊓∫⊔⟩⊘⌋⊣⊔⟩≀\ {≀∇ ↕⟩⇕⟩⊔⟩\} ⊔⟨⌉ ⇕≀⌈⌉↕ √∇⌉↖ ∫⌉\⊔⌉⌈ ⟨⌉∇⌉ ⊔≀ √⌉∇⌋⌉√⊔⊓⊣↕ √∇≀⌋⌉∫∫⟩\} ⟩∫ ⊔⟨⊣⊔ ⟩⊔ √∇≀↖ ⊑⟩⌈⌉∫ ∫⊣⊔⟩∫{⊣⌋⊔≀∇† ⊣\⊣↕†∫⟩∫ ≀{ ⇕⊣\† ⌈⟩∫√↕⊣† ⇕⌉⊔⟨↖ ≀⌈∫ ≀{ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ }∇⊣√⟨⟩⌋∫↙ T⟨⊓∫⇔ ⊒⟨⟩↕⌉ ↕⟩⇕⟩⊔⌉⌈⇔ ⊔⟨⌉ ⇕≀⌈⌉↕ ⟨⊣∫ ⊓∫⌉{⊓↕ ⊣√√↕⟩⌋⊣⊔⟩≀\∫↙ T⟨⟩∫ ∫⟨≀⊓↕⌈ ⌋≀⇕⌉ ⊣∫ \≀ ∫⊓∇√∇⟩∫⌉↙ S⊔⊓⌈⟩⌉∫ ≀{ ⊔⟨⌉ ⌉⊣∇↕† ∫⊔⊣}⌉∫ ≀{ ⊑⟩∫⊓⊣↕ √∇≀⌋⌉∫∫⟩\} ⟨⊣⊑⌉ ∫⟨≀⊒\ ⊔⟨⊣⊔ √⌉∇⌋⌉√⊔⊓⊣↕ √∇≀⌋⌉∫∫⌉∫⇔ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⊔⟨⌉ {≀∇⇕ ≀{ √⊣∇⊣↕↕⌉↕ ↕≀⌋⊣↕ ≀√⌉∇⊣⊔⟩≀\∫ ≀\ ⟩⇕⊣}⌉∫⇔ ⌋⊣\ √∇≀⊑⟩⌈⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\∫ ≀{ ⊑⟩∫⊓⊣↕ ∫⌋⌉\⌉∫ ⇐J⊓↕⌉∫‡ ∞∃∀∞∅ M⊣∇∇ ∞∃∀∈∅ T∇⌉⟩∫⇕⊣\ ∞∃∀⇏↙ W⟨⟩↕⌉ ⊔⟨⌉∫⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\∫ ⊣∇⌉ ⌋∇⊓⌈⌉⇔ ⟩⊔ ⇕⊓∫⊔ ⌊⌉ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ ⊒≀∇↕⌈ ≀{ ⇕≀∫⊔ ∈↖D }∇⊣√⟨⟩⌋⊣↕ ⌈⊣⊔⊣ ⌈⟩∫√↕⊣† ⟩∫ ⟩⊔∫⌉↕{ ⌋∇⊓⌈⌉⇔ ↕⊣⌋‖⟩\} ⊔⟨⌉ ∇⟩⌋⟨\⌉∫∫ ≀{ \⊣⊔⊓∇⊣↕ ⟩⇕⊣}⌉∫↙ T⟨⌉ ⊑⟩∫⊓⊣↕ ⊒≀∇↕⌈ ≀{ ∋↖D }∇⊣√⟨⟩⌋⊣↕ ⌈⊣⊔⊣ ⌈⟩∫√↕⊣† ≀\ ⌋≀⇕√⊓⊔⌉∇ ∫⌋∇⌉⌉\∫ ⟩∫ ⊣\≀⊔⟨⌉∇ ⇕⊣⊔⊔⌉∇ ⇐L⟩⊑⟩\}∫⊔≀\⌉ ⊣\⌈ H⊓⌊⌉↕⇔ ∞∃∀∀∅ W⊣\}⌉∇⇔ F⌉∇⊒⌉∇⌈⊣⇔ ⊣\⌈ G∇⌉⌉\⌊⌉∇}⇔ ∞∃∃∈⇒↙

R⌉|≀⟩\⌈⌉∇ T⟨⌉ ⌋≀⇕⇕⌉\⊔∫ ≀{ ⊔⟨⌉ ⌈⟩∫⌋⊓∫∫⊣\⊔∫ ∇⌉⊙⌉⌋⊔ ⊣ ⊔⟨≀∇↖ ≀⊓}⟨ ‖\≀⊒↕⌉⌈}⌉ ≀{ ⊑⟩∫⊓⊣↕ √⌉∇⌋⌉√⊔⟩≀\ ⊣\⌈ ⊣⌈⌈ ∫⊓⌊↖ ∫⊔⊣\⌋⌉ ⊔≀ ⊔⟨⌉ ⟩∫∫⊓⌉∫ ≀{ ⊔⟨⌉ √⊣√⌉∇↙ T⟨⟩∫ ∫√⌉⊣‖∫ ⊒⌉↕↕ ≀{ ⊔⟨⌉ ⊣⌊⟩↕⟩⊔† ≀{ ⊣ \⌉⊒ |≀⊓∇\⊣↕ ⊔≀ ⊣⊔⊔∇⊣⌋⊔ ∇⌉∫⌉⊣∇⌋⟨⌉∇∫ ⟩\ ⊑⟩∫⟩≀\⇔ ⌊∇⟩\}⟩\} }∇⌉⊣⊔⌉∇ ⌈⌉√⊔⟨ ⊔≀ ⊔⟨⌉ ⟩⇕√≀∇⊔⊣\⊔ ⊣∇⌉⊣ ≀{ }∇⊣√⟨⟩⌋⊣↕ √⌉∇⌋⌉√⊔⟩≀\↙ S⟩\⌋⌉ ⊔⟨⌉ |≀⊓∇\⊣↕ ∫⟩⊔∫ ⊣⊔ ⊔⟨⌉ ⟩\⊔⌉∇{⊣⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⌋≀⇕√⊓⊔⟩\} ⊣\⌈ ∫⊔⊣⊔⟩∫⊔⟩⌋∫⇔ I ⊒⟩↕↕ ⊓∫⌉ ⊔⟨⌉ ⌉↖⇕⊣⟩↕ ∫⊔†↕⌉ ≀{ ⌋≀⇕⇕⌉\⊔ ⊣\⌈ ∇⌉∫√≀\∫⌉⇔ ⌊⊓⊔ ∫⟨≀⊒⟩\} ⊔⟨⌉ ⌋≀⇕↖ ⇕⌉\⊔∫ ⟩\ ⟩⊔⊣↕⟩⌋∫ ∇⊣⊔⟨⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⊓∫⊓⊣↕ ⊖⊤⪰ ⊣⊔ ⊔⟨⌉ ⌊⌉}⟩\\⟩\} ≀{ ⌉⊣⌋⟨ ↕⟩\⌉↙

↙∞ C≀⇕⇕⌉\⊔∫ ≀{ T∇⌉⇕⇕⌉↕ O⌊⊑⟩≀⊓∫↕†⇔ C↕⌉⊑⌉↕⊣\⌈≃∫ ≃√⊣⊔⊔⌉∇\ √⌉∇⌋⌉√⊔⟩≀\≃ ⟩∫ ∇⌉↕⊣⊔⌉⌈ ⊔≀ ⊔⟨⌉ ≃√∇⌉⊣⊔⊔⌉\⊔⟩⊑⌉ ⊑⟩∫⟩≀\≃⇔ ⊣\⌈ ⟨⟩∫ ≃⊔⊣⌊↕⌉ ↕≀≀‖↖⊓√≃ ⊔≀ ⊔⟨⌉

∞

≃⊣⊔⊔⌉\⊔⟩⊑⌉≃ ⌋≀⇕√≀\⌉\⊔↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉∇⌉ ⊣∇⌉ ⌈⟩{{⌉∇⌉\⌋⌉∫¬ T⟨⟩∫ ⌋≀⇕⇕⌉\⊔ {≀⌋⊓∫⌉∫ ≀\ ⊣\ ⟩∫∫⊓⌉ ≀{ }∇⌉⊣⊔ ⟩⇕√≀∇↖ ⊔⊣\⌋⌉ {≀∇ }∇⊣√⟨⟩⌋⊣↕ √⌉∇⌋⌉√⊔⟩≀\↙ B⊓⊔ I ⌈⟩⌈ \≀⊔ ⟩\⊔⌉\⌈ ⊔≀ ⌉∐⊓⊣⊔⌉ ⊔⊣⌊↕⌉ ↕≀≀‖↖⊓√ ⊒⟩⊔⟨ ⊣⊔⊔⌉\⊔⟩⊑⌉ ⊑⟩∫⟩≀\ ⊣\⌈ √⊣⊔⊔⌉∇\ √⌉∇⌋⌉√⊔⟩≀\ ⊔≀ √∇⌉⊣⊔⊔⌉\⊔⟩⊑⌉ ⊑⟩∫⟩≀\↙ I\ {⊣⌋⊔⇔ I ⊔⟨⟩\‖ ⟩⊔ ⟩⇕√≀∇⊔⊣\⊔ ⊔≀ ⌈⌉⊘\⌉ ⊔⟨⌉ ⊔⊒≀ ⊣∫ I ⌈⟩⌈ ⟩\ ⊔⌉∇⇕∫ ≀{ ∫⌋⊣↕⌉ ⊣\⌈ √⟨†∫⟩⌋⊣↕ ⟩\{≀∇⇕⊣⊔⟩≀\⇔ ⊣\⌈ ⊔⟨⌉\ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ ≀√⌉∇⊣⊔⟩≀\∫ ≀{ ⌉⊣⌋⟨↙ H≀⊒⌉⊑⌉∇⇔ ⊣∫ T∇⌉⇕⇕⌉↕ ∫⊓}}⌉∫⊔∫⇔ ⊔⊣⌊↕⌉ ↕≀≀‖↖⊓√ ⊔⌉\⌈∫ ⊔≀⊒⊣∇⌈ ⊔⟨⌉ ⊣⊔⊔⌉\⊔⟩⊑⌉ ⊣\⌈ √⊣⊔⊔⌉∇\ √⌉∇⌋⌉√⊔⟩≀\ ⊔≀⊒⊣∇⌈ ⊔⟨⌉ √∇⌉⊣⊔⊔⌉\⊔⟩⊑⌉↙ T⟨⌉ ⊣⊓⊔⟨≀∇ ⊣↕∫≀ ∫⊔⊣⊔⌉∫ ⊔⟨⊣⊔ ⊔⊣⌊↕⌉ ↕≀≀‖↖⊓√ ⟩∫ ⊔⟨⌉ ⊘∇∫⊔ √∇≀↖ ⌋⌉∫∫⇔ ⊣\⌈ √⊣⊔⊔⌉∇\ √⌉∇⌋⌉√⊔⟩≀\ ⊔⟨⌉ ∫⌉⌋≀\⌈ ≀\⌉↙ I ⌈⟩⌈ \≀⊔ ⇕⌉⊣\ ⊔≀ ⟩⇕√↕† ⊔⟨⟩∫ ≀∇⌈⌉∇ ⊣\⌈ ⊣}∇⌉⌉ ⊒⟩⊔⟨ ⊔⟨⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ ≀{ ⊔⟨⌉ ⌈⟩∫⌋⊓∫∫⊣\⊔↙ F≀∇ ⊔⟨⌉ ⇕≀∫⊔ √⊣∇⊔⇔ ≀√⌉∇⊣⊔⟩≀\∫ ≀{ ⊔⊣⌊↕⌉ ↕≀≀‖↖⊓√ ⟨⊣⊑⌉ ⊣∫ ⊔⟨⌉⟩∇ ∫⊔⊣∇⊔⟩\} √≀⟩\⊔ {⌉⊣⊔⊓∇⌉∫ ∇⌉⌋≀}\⟩‡⌉⌈ ⌊† ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\∫ ≀{ √⊣⊔↖ ⊔⌉∇\ √⌉∇⌋⌉√⊔⟩≀\↙ U\{≀∇⊔⊓\⊣⊔⌉↕†⇔ ⊔⟨⌉∫⌉ ⌋≀\⌋⌉√⊔∫ ⇐≃⊓\⌋≀\\⌉⌋⊔⌉⌈ ∇⌉⌋⊔⟩⊘⊣⌊↕⌉ ⌋⊓∇⊑⌉∫≃⇔ ≃√↕⊣\⊣∇ ⇕⌉⊣∫⊓∇⌉≃⇔ ≃C≀\\⌉⌋⊔⌉⌈\⌉∫∫≃ ⊣\⌈ ≃C↕≀↖ ∫⊓∇⌉≃ ↖ ⌊≀⊔⟨ ≀{ ⊒⟨⟩⌋⟨ ⟩∫ \≀⊔ ⊔⟨⌉ ∫⊣⇕⌉⇒ ⊣∇⌉ \≀⊔ ⊒⌉↕↕ ⌈⌉⊘\⌉⌈ ≀∇ ⌉§√↕⊣⟩\⌉⌈⇔ ⊣\⌈ \≀ ∇⌉{⌉∇⌉\⌋⌉∫ ⊣∇⌉ }⟩⊑⌉\↙ A ⌋≀∇⌉⌋⊓⌉ ∫†⇕⌊≀↕ ⟩∫ ⊣\ ⊣⌊∫⊔∇⊣⌋⊔ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ ≀⌊↖ |⌉⌋⊔ ⊒⟩⊔⟨ \≀ √↕⊣\⊣∇ ⊣∇⌉⊣↙ T⟨⌉ ∫†⇕⌊≀↕ ⟩∫ ∇⌉\⌈⌉∇⌉⌈ ⌊† ⌈∇⊣⊒\ ⌋⊓∇⊑⌉∫⇔ ⊒⟨⟩⌋⟨ ⟨⊣⊑⌉ ⊣ √↕⊣\⊣∇ ⊣∇⌉⊣↙ I\ ⇕≀∫⊔ ⌋⊣∫⌉∫ ⊒⌉ ⊒⊣\⊔ ⊔≀ ⇕⟩\⟩⇕⟩‡⌉ ⊔⟨⟩∫ ⊣∇⌉⊣⇔ ⊓∫⟩\} ⌈∇⊣⊒\ ⌋⊓∇⊑⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ⊣∫ ⊔⟨⟩\ ⊣∫ √≀∫∫⟩⌊↕⌉ ⊒⟩⊔⟨↖ ≀⊓⊔ ↕≀∫⟩\} ≀⊓∇ ⊣⌊⟩↕⟩⊔† ⊔≀ ⌈⌉⊔⌉⌋⊔ ⊔⟨⌉⇕↙ B† ⊖⌋⊓∇⊑⌉⪰ I ⇕⌉⊣\ ⊣ ⌋≀\⊔⟩\⊓≀⊓∫ {⊓\⌋⊔⟩≀\ {∇≀⇕ R n into the plane▷ By Ψrectiαableν I mean that the curve can be arbitrarily well approximated by an inscribed polyline▷ ↼A good thing since otherwise no αnite resolution device can show the properties of the curve▷↽ By Ψconnectedν I mean that the symbol cannot be covered by two open sets whose inter sections with the symbol form two disjoint sets▷ But still I felt compelled to comment on the phrase that εour ability to carry out discrimination of the slants of the two segments is nearly independent of thetaε ↼the orientation↽ because it is not true▷ The important word here is Ψnearlyν▷ As Tremmel later points out this was an engineering decision. ignoring an effect judged not to be important for the application▷ The judgment was based on the quantiαcation of the effect by Rochlin ↼1955↽ who carried out a very thorough analysis▷ However it would be possible to carry out a derivation similar to that in the paper that took account of the small perturbation in discriminability▷

7▷2 Comments of Holmes Table lookup and pattern recognition characterize two separate brain functions that I will label for histori cal reasons leftbrain and rightbrain functions▷ I like this description not because it is literally true that brain functioning is so neatly divided but rather because it nicely delineates the tasks we perform into cognitive and perceptual▷ Table lookup has a cognitive component▷ So do other tasks of vi sualizing data▷ For example drawing conclusions about the data by interpreting the patterns that form as a result of the visual tasks of pattern per ception is a cognitive task▷ Training is necessary for efαcient graph reading be cause access to the left brain interferes with efαciency of the right brain if one has to ℓwork outφ the meaning of the graph that is if it has an unfamiliar or unin tuitive key then it isnφt effective▷ Indeed training is necessary for the interpretation of perceived ef fects but not to perceive them in the αrst place▷ A αveyearold child who looks at my Figure 3 will see the same curve gestalts as a trained scientist▷ But the scientist knows how to translate the per ceived patterns into information about the data▷ This is not just an esoteric aside▷ It has important implications for the choice of subjects in many ex periments probing pattern perception▷ Subjects do not need to know how to translate▷ In a number of experiments in which I have taken part sub jects needed only a sufαciently rich vocabulary to understand instructions and interpret very basic geometric properties such as the relative lengths of lines segments▷ In the experiments of Kr �ose described in my Section 4▷3 subjects only needed the ability to determine if a corecue symbol was present or not, a αveyearold with enough matu rity to sit still for a while could be the subject of such an experiment▷ Unfortunately the sophistication of some of todayφs statistical analyses have resigned the researcher to en trust his data to black boxes▷ This could actually be avoided through step by step interactive graphical de composition . . . An excellent recent example is the several decades of work on kernel methods ↼in cluding adaptive kernel methods↽ for estimating densities and regression curves▷ These methods yield to asymptotic derivations▷ But they have the disadvantage that they do not work▷ Anybody who chose to move from the black box of computer implementations of kernel methods to interactive graphical decomposition would quickly discover this▷ ↼But it takes new theory to derail old theory and it has been only been recently that theoretical work has revealed the problems of kernel methods ↼Fan 1993, Hastie and Loader 1993↽▷↽ 7▷3 Comments of Wilkinson As Cleveland has noted however the slopes procedure does not specify which frequency to highlight in the series▷ The upper cat plot is scaled to reveal a low fre quency ↼approximately 2▷5 second↽ wave in the αrings▷ This point was treated only brieβy in the paper and is vital to the usage of the method which I call Ψbanking to 45^∘⪰ ⇐C↕⌉⊑⌉↕⊣\⌈⇔ ∞∃∃∋⇒↙ I⊔ ⌋⊣\ ⌊⌉ ⊣√√↕⟩⌉⌈ ⊔≀ ⊣\† ∫⌉⊔ ≀{ ↕⟩\⌉ ∫⌉}⇕⌉\⊔∫ ≀\ ⊣ }∇⊣√⟨↙ T⟩⇕⌉ ∫⌉∇⟩⌉∫ ⟨⊣⊑⌉ ⌈⟩{{⌉∇⌉\⊔ {∇⌉∐⊓⌉\⌋† ⌋≀⇕√≀\⌉\⊔∫ ≀{ ⊑⊣∇⟩⊣⊔⟩≀\↙ T⟨⌉ ⇕⌉⊔⟨≀⌈ ⌋⊣\ ⌊⌉ ⊣√√↕⟩⌉⌈ ⊣\† ≀{ ⊔⟨⌉∫⌉ ⌋≀⇕√≀\⌉\⊔∫↙ F≀∇ ⊔⟨⌉ ⌊≀⊔⊔≀⇕ √⊣\⌉↕ ≀{ W⟩↕‖⟩\↖ ∫≀\≃∫ F⟩}⊓∇⌉ ∞⇔ ⟩⊔ ⟩∫ ⊣√√↕⟩⌉⌈ ⊔≀ ⊔⟨⌉ ⟨⟩}⟨↖{∇⌉∐⊓⌉\⌋† ⊑⊣∇⟩⊣⊔⟩≀\ ⌊† ⌊⊣\‖⟩\} ⊔⟨⌉ ↕≀⌋⊣↕ ∫⌉}⇕⌉\⊔∫ ⊔≀ △▽ ∘↙ I\ ⊔⟨⌉ ⊔≀√ √⊣\⌉↕⇔ ⟩⊔ ⟩∫ ⊣√√↕⟩⌉⌈ ⌊† ⌊⊣\‖⟩\} ⊣ ∇⌉∫√⟩∇⊣⊔⟩≀\ ⌋≀⇕√≀\⌉\⊔⇔ √∇⌉∫⊓⇕⊣⌊↕† ⟩\ ⊣\ ⊣√√∇≀§⟩⇕⊣⊔⌉ ⊒⊣† |⊓∫⊔ ⌊† ⊑⟩∫⊓⊣↕ ⊣∫∫⌉∫∫⇕⌉\⊔↙ A ⊘⊔ ⊔⟨⊣⊔ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊔⟨⌉ ⌋≀⇕√≀\⌉\⊔ ⟩∫ \≀⊔ ⌈∇⊣⊒\ ⌊⊓⊔ ⊒⌉ ⌋⊣\ ⊑⟩∫⊓⊣↕⟩‡⌉ ⟩⊔⇔ ⊣ ∫↕≀⊒ ⊒⊣⊑⌉ ⊒⟩⊔⟨ ⊣⌊≀⊓⊔ ⊔⊒≀ ⌋≀⇕√↕⌉⊔⌉ ⌋†⌋↕⌉∫ ≀⊑⌉∇ ⊔⟨⌉ ∇⌉⌋≀∇⌈↙ I⊔ ⌋⊣\\≀⊔ ⌊⌉ ⊑⟩∫⊓⊣↕⟩‡⌉⌈ ⟩\ ⊔⟨⌉ ⌊≀⊔⊔≀⇕ √⊣\⌉↕ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ↕≀⌋⊣↕ ≀∇⟩⌉\⊔⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ⊒⊣⊑⌉ ⊣∇⌉ ⊔≀≀ ⌋↕≀∫⌉ ⊔≀ ⊔⟨⌉ ⟨≀∇⟩‡≀\⊔⊣↕↙ I\ ⊔⟨⌉ ⊔≀√ √⊣\⌉↕⇔ ⊔⟨⌉ ↕≀⌋⊣⊔⟩≀\ ≀{ ⊔⟨⌉∫⌉ ⊣⌊∫≀↕⊓⊔⌉ ≀∇⟩⌉\⊔⊣⊔⟩≀\∫ ⟩∫ ⌋↕≀∫⌉∇ ⊔≀ △▽ ∘⇔ ∫≀ ⟩⊔ ⌋⊣\ ⌊⌉ √⌉∇⌋⌉⟩⊑⌉⌈⇔ ⊣↕⊔⟨≀⊓}⟨ ⇕† }⊓⌉∫∫ ⟩∫ ⊔⟨⊣⊔ ⊔⟨⌉ ⌋≀⇕√≀\⌉\⊔ ⟩∫ \≀⊔ ∐⊓⟩⊔⌉ ⌊⊣\‖⌉⌈ ⊔≀ △▽ ∘ ⊣\⌈ \⌉⌉⌈∫ ⊣ ↕⊣∇}⌉∇ ⊣∫√⌉⌋⊔ ∇⊣⊔⟩≀↙ T⟨⌉∇⌉ ⊣∇⌉ ↕⟩‖⌉↕† ⌋≀\⊘}⊓∇⊣⊔⟩≀\⊣↕ ⌉{{⌉⌋⊔∫ ⊒⟨⌉\ ⇕≀∇⌉ ⊔⟨⊣\ ⊔⊒≀ ≀{ ⊔⟨⌉∫⌉ ∫†⇕⌊≀↕∫ ⊣∇⌉ ⊓∫⌉⌈ ⟩\ ⊣ √↕≀⊔↙ W⟨⟩↕⌉ ⟩⊔ ⟩∫ ⊔∇⊓⌉ ⊔⟨⊣⊔ ⌋≀\⊘}⊓∇⊣⊔⟩≀\⊣↕ ⌉{{⌉⌋⊔∫ ⌉§⟩∫⊔⇔ ⊔⟨⌉† ⊣∇⌉ \≀⊔ ⊔†√⟩⌋⊣↕↕† ∫⊣↕⟩⌉\⊔ ⌉§⌋⌉√⊔ ⟩\ ⊔⟨⌉ ∫⟩⊔⊓⊣⊔⟩≀\ ⊒⟨⌉∇⌉ ⊔⟨⌉∇⌉ ⟩∫ ∫≀ ⇕⊓⌋⟨ ⌈⊣⊔⊣ ⊔⟨⊣⊔ ≀⊑⌉∇↕⊣√ ⌋⊣⊓∫⌉∫ ⌈⌉⊔⌉⌋⊔⟩≀\ √∇≀⌊↕⌉⇕∫↙ A∫ ⌈⟩∫⌋⊓∫∫⌉⌈ ⌉⊣∇↕⟩⌉∇⇔ {≀∇ ⊔⟨⌉ ⌉\}⟩\⌉⌉∇⟩\} }≀⊣↕∫ ≀{ ⌈⌉⊑⌉↕≀√⟩\} ⌈⟩∫√↕⊣† ⇕⌉⊔⟨≀⌈∫ {≀∇ ⌈⊣⊔⊣⇔ ⊒⌉ ⟨⊣⊑⌉ ⊔⟨⌉ ∇⟩}⟨⊔ ⊔≀ ⟩}\≀∇⌉ ⊣\ ⌉{{⌉⌋⊔ ⊔⟨⊣⊔ ⟩∫ \≀⊔ ∫⊣↕⟩⌉\⊔↙ T⟨⌉ ∫†⇕⌊≀↕∫ C↕⌉⊑⌉↕⊣\⌈ ≀{{⌉∇∫ ⊣∇⌉ ⌈⟩∫⌋∇⟩⇕⟩\⊣⌊↕⌉ ⇕⊣⟩\↕†

⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉† ∫⊔⟩⇕⊓↕⊣⊔⌉ ⌈⟩{{⌉∇⌉\⊔ ∫⌉⊔∫ ≀{ {⌉⊣⊔⊓∇⌉ ⌈⌉⊔⌉⌋↖ ⊔≀∇∫ ⟩\ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ ⌋≀∇⊔⌉§⇔ \⊣⇕⌉↕† ⊑⌉∇⊔⟩⌋⊣↕∫⇔ ⟨≀∇⟩‡≀\⊔⊣↕∫⇔ ⊣\⌈ ⌈⟩⊣}≀\⊣↕∫↙ W⟨† \≀⊔ ⊓∫⌉ ⊣ ∫⌉⊔ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ ⌉↕↖ ⌉⇕⌉\⊔∫ ⊒⟨⟩⌋⟨ ∫⊔⟩⇕⊓↕⊣⊔⌉ ⊔⟨⌉∫⌉ {⌉⊣⊔⊓∇⌉ ⌈⌉⊔⌉⌋⊔≀∇∫ ⇕≀∇⌉ ⌉§⌋↕⊓∫⟩⊑⌉↕†⊥ O\⌉ ⌋≀⇕{≀∇⊔⟩\} ⊣∫√⌉⌋⊔ ≀{ √⊓∇⌉↕† ∫⌋⟩⌉\⊔⟩⊘⌋ ⌉\∐⊓⟩∇† ⟩∫ ⊔⟨⊣⊔ ⊒⌉ ⌋⊣\ ⌋≀\|⌉⌋⊔⊓∇⌉⇔ ⌉§√⌉∇⟩⇕⌉\⊔⇔ ⊣\⌈ ∇⌉√≀∇⊔↙ N≀ ∫⊓⌋⟨ ↕⊓§⊓∇† ⌉§⟩∫⊔∫ ⟩\ ⊣\ ⌉\}⟩\⌉⌉∇⟩\} ⌈⟩∫⌋⟩√↕⟩\⌉⇔ ∫⊓⌋⟨ ⊣∫ ⌊⊓⟩↕⌈⟩\} ⌈⟩∫√↕⊣† ⇕⌉⊔⟨≀⌈∫ {≀∇ ⌈⊣⊔⊣⇔ ⌊⌉↖ ⌋⊣⊓∫⌉ ⊒⌉ ⇕⊓∫⊔ ⌈⌉⌋⟩⌈⌉↙ ⇐A\⌈ \≀ ≀\⌉ ⊓\⌈⌉∇∫⊔⊣\⌈∫ ⊔⟨⟩∫ √≀⟩\⊔ ⌊⌉⊔⊔⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⌈⟩∫⌋⊓∫∫⊣\⊔↙⇒ G≀⟩\} {∇≀⇕ ⊔⟨⌉ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⊣\ ⊣⌋⊔⊓⊣↕ ⌋⟨≀⟩⌋⌉ √⊓⊔∫ ≀⊓∇ |⊓⌈}⇕⌉\⊔ {⊓↕↕† ≀\ ⊔⟨⌉ ↕⟩\⌉↙ D⌉∫√⟩⊔⌉ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⟩⊔† √∇≀⊑⟩⌈⌉⌈ ⌊† ⌉§√⌉∇⟩⇕⌉\⊔⊣⊔⟩≀\⇔ ⊒⌉ ⇕⊓∫⊔ ⌊⊣↕⊣\⌋⌉ ⌈⟩{{⌉∇⌉\⊔ ⌉{{⌉⌋⊔∫ ⊓\⌋≀⊑⌉∇⌉⌈ ⌊† ⌉§√⌉∇⟩⇕⌉\⊔↙ O{⊔⌉\ ⊔⟨⌉∇⌉ ⟩∫ ⇕≀∇⌉ ⊔⟨⊣\ ≀\⌉ ∫≀↕⊓⊔⟩≀\↙ F≀∇ √↕≀⊔⊔⟩\} ∫†⇕⌊≀↕∫ ⊒⌉ ⇕⊓∫⊔ ⌊⊣↕⊣\⌋⌉ ⌈⌉⊔⌉⌋⊔⟩≀\ ⊣\⌈ ⊣∫∫⌉⇕⌊↕†↙ T⟨⌉ ⊔⊒≀ ∫†⇕⌊≀↕∫ ⊖∘⪰ ⊣\⌈ + have very high scores in Table 1. Thus I included them in the set, which precluded Ψ�˚ and Ψ|⪰↙ B⊓⊔ ⟩{ ⊣ ⌋≀⇕⇕≀\ ⌉§√⌉∇⟩↖ ⇕⌉\⊔ ∫⟨≀⊒∫ ⊔⟨⊣⊔ ⊔⟨⌉ ∫⌉⌋≀\⌈ √⊣⟩∇ ⌊⌉⊣⊔∫ ⊔⟨⌉ ⊘∇∫⊔⇔ ⊒⌉ ∫⟨≀⊓↕⌈ ⟩\⌈⌉⌉⌈ ⌊⌉ √∇⌉√⊣∇⌉⌈ ⊔≀ ∫⊒⟩⊔⌋⟨↙ C↕⌉⊑⌉↕⊣\⌈ ⊒⟩∫⟨⌉∫ ⊔≀ ∫⊔⊣† }∇≀⊓\⌈⌉⌈ ⟩\ √⌉∇⌋⌉√⊔⊓⊣↕ √∫†↖ ⌋⟨≀↕≀}†⇔ ⌊⊓⊔ ⊔⟨⌉ ⊔≀√⟩⌋∫ ⟨⌉ ⌈⟩∫⌋⊓∫∫⌉∫ ⊣↕∫≀ ⟩\⊑≀↕⊑⌉ ⊣∇⌉⊣∫ ≀{ ⟨⟩}⟨⌉∇ ⌋≀}\⟩⊔⟩≀\↙ C≀}\⟩⊔⟩⊑⌉ √∫†⌋⟨≀↕≀}⟩∫⊔∫ ∫⊓⌋⟨ ⊣∫ P⟩\‖⌉∇ ⇐∞∃∃′⇒⇔ S⟩⇕‖⌉\ ⊣\⌈ H⊣∫⊔⟩⌉ ⇐∞∃∀⇒⇔ ⊣\⌈ K≀∫∫↕†\ ⇐∞∃∀∃⇒ ⟨⊣⊑⌉ √∇≀√≀∫⌉⌈ √∇≀⌋⌉∫∫ ⇕≀⌈⌉↕∫ {≀∇ }∇⊣√⟨⟩⌋⊣↕ √⌉∇↖ ⌋⌉√⊔⊓⊣↕ √∇≀⌋⌉∫∫⟩\}↙ T∇⊓⌉⇔ I ⟨⊣⊑⌉ ∫⊔⊣†⌉⌈ }∇≀⊓\⌈⌉⌈ ⟩\ √⌉∇⌋⌉√⊔⊓⊣↕ √∫†↖ ⌋⟨≀↕≀}†⇔ ⌊⊓⊔ \≀⊔ ⊔⟨∇≀⊓}⟨ √⌉∇∫≀\⊣↕ √∇⌉{⌉∇⌉\⌋⌉↙ A}⊣⟩\⇔ ⊒⌉ ⇕⊓∫⊔ ∇⌉⇕⌉⇕⌊⌉∇ ⊔⟨⌉ }≀⊣↕ � ⌉\}⟩\⌉⌉∇⟩\} ⌊⌉⊔⊔⌉∇ ⊑⟩∫⊓⊣↕ ⌈⟩∫√↕⊣†∫↙ T⟨⌉ ⌋↕⊣∫∫⟩⌋⊣↕ ⊒≀∇‖ ⟩\ √⌉∇↖ ⌋⌉√⊔⊓⊣↕ √∫†⌋⟨≀↕≀}† ⇐⌉↙}↙⇔ B⊣⟩∇⌈ ⊣\⌈ N≀⇕⊣⇔ ∞∃∀⇒ ⟨⊣∫ √∇≀⊑⌉\ ⌉\≀∇⇕≀⊓∫↕† ⊓∫⌉{⊓↕↙ S≀ ⊔≀≀ ⟨⊣∫ ∫≀⇕⌉ ≀{ ⊔⟨⌉ ⇕≀⌈⌉∇\ ⊒≀∇‖ ⟩\ ⌋≀}\⟩⊔⟩⊑⌉ √∫†⌋⟨≀↕≀}† ⊔⟨⊣⊔ {≀⌋⊓∫⌉∫ ≀\ ∫√⌉⌋⟩⊘⌋ √∇≀⌋⌉∫∫⌉∫ ≀{ ⌉↕⌉⇕⌉\⊔⊣∇† ⊑⟩∫⟩≀\ ⇐⌉↙}↙⇔ T∇⌉⟩∫⇕⊣\⇔ ∞∃∀⇏↙ B⊓⊔ I ⟨⊣⊑⌉ \≀⊔ †⌉⊔ ∫⊓⌋⌋⌉⌉⌈⌉⌈ ⟩\ ⊘\⌈⟩\} ⊣ ⌋≀\⊑⟩\⌋⟩\} ⊣√√↕⟩⌋⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⊒≀∇‖ ⟩\ ⌋≀}\⟩⊔⟩⊑⌉ √∫†⌋⟨≀↕≀}† ⊔⟨⊣⊔ ⌋≀\|⌉⌋⊔⊓∇⌉∫ ⊣ {⊓↕↕ √∇⌉↖ ∫⌋∇⟩√⊔⟩≀\ ≀{ ⊣↕↕ ≀{ ⊔⟨⌉ √∇≀⌋⌉∫∫⌉∫ ⊔⟨⊣⊔ ↕⌉⊣⌈ {∇≀⇕ ⊔⟨⌉ ∇⌉⊔⟩\⊣↕ ⟩⇕⊣}⌉ ⊔≀ ⌋≀\⌋↕⊓∫⟩≀\∫ ⊣⌊≀⊓⊔ ⊑⟩∫⊓⊣↕ ∫⌋⌉\⌉∫↙ N≀∇ ⟨⊣∫ ⊣\†≀\⌉ ⌉↕∫⌉ ∫⊓⌋⌋⌉⌉⌈⌉⌈↙ I ∫⊓∫√⌉⌋⊔ \≀ ⊒⟩↕↕ ⊓\⊔⟩↕ ⊔⟨⌉ ⊔⟨⌉≀∇† ⟩∫ ⌊⌉⊔⊔⌉∇ ⌋≀\⌋⌉⟩⊑⌉⌈ ⊣\⌈ ⟩∫ ⇕≀∇⌉ ⊘∇⇕↕† }∇≀⊓\⌈⌉⌈ ⟩\ ⌉⇕√⟩∇⟩⌋⊣↕ ≀⌊∫⌉∇⊑⊣⊔⟩≀\↙ B⊓⊔ ⊔⟨⌉ ≀\⊓∫ ⟩∫ \≀⊔ ≀\ ⇕⌉ ⊔≀ √∇≀⊑⌉ ⊔⟨⌉ ⟩⌈⌉⊣∫ ⊣∇⌉ ⊓∫⌉↕⌉∫∫↙ T⟨⌉ ≀\⊓∫ ⟩∫ ≀\ ⊔⟨≀∫⌉ ⊒⟨≀ ⊣⌈⊑≀⌋⊣⊔⌉ ⊔⟨⌉ ⌊∇≀⊣⌈⌉∇ ⌋≀\⊔⌉§⊔ ⊔≀ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉ ⊔⟨⊣⊔ ⟩⊔ ⟩∫ ⊓∫⌉{⊓↕↙ I ⊣⇕ ⊣↕↕ ⌉†⌉∫↙ ∞∃

A⌋‖\≀⊒↕⌉⌈}⌉⇕⌉\⊔∫ C≀⇕⇕⌉\⊔∫ {∇≀⇕ R↙ A↙ B⌉⌋‖⌉∇⇔ N↙ I↙ F⟩∫⟨⌉∇⇔ T↙ E↙ G∇⊣⌉⌈⌉↕⇔ A↙ M↙ M⊣⌋E⊣⌋⟨∇⌉\⇔ C↙ L↙ M⊣↕↕≀⊒∫⇔ L↙ T∇⌉⇕⇕⌉↕⇔ J↙ T⊓‖⌉†⇔ ⊣\⌈ {≀⊓∇ ∇⌉{⌉∇⌉⌉∫ ≀\ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ ⇕⊣\⊓∫⌋∇⟩√⊔ ↕⌉⌈ ⊔≀ ⊣ ∫⊓⌊∫⊔⊣\⊔⟩⊣↕ ⟩⇕√∇≀⊑⌉⇕⌉\⊔ ⟩\ ⌊≀⊔⟨ ⊔⟨⌉ ⌋≀\⊔⌉\⊔ ⊣\⌈ ⌉§↖ √≀∫⟩⊔⟩≀\ ≀{ ⊔⟨⌉ √⊣√⌉∇↙ A↕∫≀⇔ T⊓‖⌉†⇔ ⊣ ⌋∇⌉⊣⊔⟩⊑⌉ ⟩\⊑⌉\⊔≀∇ ≀{ ⊔⌉∇⇕⟩\≀↕≀}†⇔ ⟩∫ ∇⌉∫√≀\∫⟩⌊↕⌉ {≀∇ ⊔⟨⌉ ⊔⌉∇⇕ ⊖⊣∫∫⌉⇕⌊↕†⪰⇔ ⊒⟨⟩⌋⟨ ⌈≀⌉∫ ⊣ ⌊⌉⊔⊔⌉∇ |≀⌊ ≀{ ⌋≀\\≀⊔⟩\} ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\ ⊔⟨⊣\ ⌈⟩⌈ ⊔⟨⌉ ⊣⊓⊔⟨≀∇≃∫ ⟩\⟩⊔⟩⊣↕ ⊔⌉∇⇕⇔ ⊖⌋↕⊓∫⊔⌉∇⟩\}⪰↙

R⌉{⌉∇⌉\⌋⌉∫ ∪∞⊎ J↙ C↙ B⊣⟩∇⌈ ⊣\⌈ E↙ N≀⇕⊣↙ F⊓\⌈⊣⇕⌉\⊔⊣↕∫ ≀{ S⌋⊣↕⟩\} ⊣\⌈ P∫†⌋⟨≀√⟨†∫⟩⌋∫↙ J≀⟨\ W⟩↕⌉† ↘ S≀\∫⇔ N⌉⊒ Y≀∇‖⇔ ∞∃∀↙ ∪∈⊎ I↙ B⌉\⌊⊣∫⊣⊔⇔ A↙ S↙ D⌉§⊔⌉∇⇔ ⊣\⌈ P↙ T≀⌈⌈↙ A\ ⌉§↖ √⌉∇⟩⇕⌉\⊔⊣↕ √∇≀}∇⊣⇕ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩\}⌋≀↕≀∇↖⌉\⟨⊣\⌋⌉⌈ ⊣\⌈ }∇⊣√⟨⟩⌋⊣↕ ⟩\{≀∇⇕⊣⊔⟩≀\ √∇⌉∫⌉\⊔⊣⊔⟩≀\¬ ⊣\ ⟩\⊔⌉↖ }∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉⊘\⌈⟩\}∫↙ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ACM⇔ ∈∃⇐∞∞⇒¬∞′∃△∘∞∞′▽⇔ ∞∃∀↙̸ ∪∋⊎ J↙ B⌉∇⊔⟩\↙ S⌉⇕⟩≀↕≀}⟩⌉ G∇⊣√⟨⟩∐⊓⌉¬ L⌉∫ D⟩⊣}∇⊣⇕⇕⌉∫⇔ L⌉∫ R≻⌉∫⌉⊣⊓§⇔ L⌉∫ C⊣∇⊔⌉∫↙ M≀⊓⊔≀\ ↘ C≀⇔ T⟨⌉ N⌉⊔⟨⌉∇↖ ↕⊣\⌈∫⇔ ∞∃↙̸ ∪△⊎ J↙ B⌉∇⊔⟩\↙ S⌉⇕⟩≀↕≀}† ≀{ G∇⊣√⟨⟩⌋∫¬ D⟩⊣}∇⊣⇕∫⇔ N⌉⊔⊒≀∇‖∫⇔ M⊣√∫↙ T⟨⌉ U\⟩⊑⌉∇∫⟩⊔† ≀{ W⟩∫⌋≀\∫⟩\ P∇⌉∫∫⇔ M⊣⌈⟩↖ ∫≀\⇔ WI⇔ ∞∃∀∋↙ T∇⊣\∫↕⊣⊔⟩≀\ ≀{ ⊔⟨⌉ F∇⌉\⌋⟨ ⌉⌈⟩⊔⟩≀\↙ ∪▽⊎ W↙ C↙ B∇⟩\⊔≀\↙ G∇⊣√⟨⟩⌋⊣↕ M⌉⊔⟨≀⌈∫ {≀∇ P∇⌉∫⌉\⊔⟩\} F⊣⌋⊔∫↙ E\}⟩\⌉⌉∇⟩\} M⊣}⊣‡⟩\⌉ C≀↙⇔ N⌉⊒ Y≀∇‖⇔ ∞∃∞△↙ ∪⊎̸ J↙ M↙ C⟨⊣⇕⌊⌉∇∫⇔ W↙ S↙ C↕⌉⊑⌉↕⊣\⌈⇔ B↙ K↕⌉⟩\⌉∇⇔ ⊣\⌈ P↙ A↙ T⊓‖⌉†↙ G∇⊣√⟨⟩⌋⊣↕ M⌉⊔⟨≀⌈∫ {≀∇ D⊣⊔⊣ A\⊣↕†∫⟩∫↙ C⟨⊣√⇕⊣\ ↘ H⊣↕↕⇔ N⌉⊒ Y≀∇‖⇔ ∞∃∀∋↙ ∪⊎ W↙ S↙ C↕⌉⊑⌉↕⊣\⌈↙ T⟨⌉ E↕⌉⇕⌉\⊔∫ ≀{ G∇⊣√⟨⟩\} D⊣⊔⊣↙ C⟨⊣√⇕⊣\ ↘ H⊣↕↕⇔ N⌉⊒ Y≀∇‖⇔ ∞∃∀▽↙ ∪∀⊎ W↙ S↙ C↕⌉⊑⌉↕⊣\⌈↙ V⟩∫⊓⊣↕⟩‡⟩\} D⊣⊔⊣↙ H≀⌊⊣∇⊔ P∇⌉∫∫⇔ S⊓⇕⇕⟩⊔⇔ N⌉⊒ J⌉∇∫⌉†⇔ ∞∃∃∋↙ ∪∃⊎ W↙ S↙ C↕⌉⊑⌉↕⊣\⌈⇔ M↙ E↙ M⌋G⟩↕↕⇔ ⊣\⌈ R↙ M⌋G⟩↕↕↙ T⟨⌉ ∫⟨⊣√⌉ √⊣∇⊣⇕⌉⊔⌉∇ ≀{ ⊣ ⊔⊒≀↖⊑⊣∇⟩⊣⌊↕⌉ }∇⊣√⟨↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ A⇕⌉∇⟩⌋⊣\ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ A∫∫≀⌋⟩⊣⊔⟩≀\⇔ ∀∋⇐△′∈⇒¬∈∀∃∘ ∋′′⇔ ∞∃∀∀↙ ∪∞′⊎ W↙ S↙ C↕⌉⊑⌉↕⊣\⌈ ⊣\⌈ R↙ M⌋G⟩↕↕↙ G∇⊣√⟨⟩⌋⊣↕ √⌉∇⌋⌉√↖ ⊔⟩≀\¬ ⊔⟨⌉≀∇†⇔ ⌉§√⌉∇⟩⇕⌉\⊔⊣⊔⟩≀\⇔ ⊣\⌈ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⊔≀ ⊔⟨⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔ ≀{ }∇⊣√⟨⟩⌋⊣↕ ⇕⌉⊔⟨≀⌈∫↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ A⇕⌉∇⟩⌋⊣\ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ A∫∫≀⌋⟩⊣⊔⟩≀\⇔ ∃⇐∋∀⇒¬▽∋∞∘ ▽▽△⇔ ∞∃∀△↙ ∪∞∞⊎ W↙ S↙ C↕⌉⊑⌉↕⊣\⌈ ⊣\⌈ R↙ M⌋G⟩↕↕↙ G∇⊣√⟨⟩⌋⊣↕ √⌉∇⌋⌉√↖ ⊔⟩≀\⊣\⌈ }∇⊣√⟨⟩⌋⊣↕ ⇕⌉⊔⟨≀⌈∫ {≀∇ ⊣\⊣↕†‡⟩\} ⊣\⌈ √∇⌉↖ ∫⌉\⊔⟩\} ∫⌋⟩⌉\⊔⟩⊘⌋ ⌈⊣⊔⊣↙ S⌋⟩⌉\⌋⌉⇔ ∈∈∃¬∀∈∀∘∀∋∋⇔ ∞∃∀▽↙

∪∞∈⊎ G↙ W↙ D⟩⌋‖∫≀\⇔ G↙ D⌉ S⊣\⌋⊔⟩∫⇔ ⊣\⌈ D↙ J↙ M⌋B∇⟩⌈⌉↙ U\⌈⌉∇∫⊔⊣\⌈⟩\} ⊔⟨⌉ ⌉{{⌉⌋⊔⟩⊑⌉\⌉∫∫ ≀{ ⌋≀⇕√⊓⊔⌉∇ }∇⊣√⟨⟩⌋∫ {≀∇ ⌈⌉⌋⟩∫⟩≀\ ∫⊓√√≀∇⊔¬ ⊣ ⌋⊓⇕⊓↕⊣⊔⟩⊑⌉ ⌉§↖ √⌉∇⟩⇕⌉\⊔⊣↕ ⊣√√∇≀⊣⌋⟨↙ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ACM⇔ ∈∃¬△′∘△⇔ ∞∃∀↙̸ ∪∞∋⊎ J↙ F⊣\↙ D⌉∫⟩}\↖⊣⌈⊣√⊔⟩⊑⌉ \≀\√⊣∇⊣⇕⌉⊔∇⟩⌋ ∇⌉}∇⌉∫↖ ∫⟩≀\↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ A⇕⌉∇⟩⌋⊣\ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ A∫∫≀⌋⟩⊣⊔⟩≀\⇔ ∀¬∃∃∀∘∞′′△⇔ ∞∃∃∈↙ ∪∞△⊎ I↙ F≀}⌉↕ ⊣\⌈ D↙ S⊣}⟩↙ G⊣⌊≀∇ ⊘↕⊔⌉∇∫ ⊣∫ ⊔⌉§⊔⊓∇⌉ ⌈⟩∫↖ ⌋∇⟩⇕⟩\⊣⊔≀∇↙ B⟩≀↕≀}⟩⌋⊣↕ C†⌊⌉∇\⌉⊔⟩⌋∫⇔ ∞̸¬∞′∋∘∞∞∋⇔ ∞∃∀∃↙ ∪∞▽⊎ N↙ H↙ H⊣⌊⌉∇ ⊣\⌈ L↙ W⟩↕‖⟩\∫≀\↙ P⌉∇⌋⌉√⊔⊓⊣↕ ⌋≀⇕√≀↖ \⌉\⊔∫ ≀{ ⌋≀⇕√⊓⊔⌉∇ ⌈⟩∫√↕⊣†∫↙ IEEE C≀⇕√⊓⊔⌉∇ G∇⊣√⟨↖ ⟩⌋∫ ↘ A√√↕⟩⌋⊣⊔⟩≀\∫⇔ ∈¬∈∋∘∋▽⇔ ∞∃∀∈↙ ∪∞⊎̸ R↙ H⊣∫⊔⟩⌉↙ S⌋⟨⌉⇕⊣⊔⟩⌋ √∇⟩\⌋⟩√↕⌉∫ ⟩\ ⟨⊓⇕⊣\ ⇕⌉⇕↖ ≀∇†↙ I\ E↙ T↙ H⟩}}⌉\∫⇔ C↙ P↙ H⌉∇⇕⊣\⇔ ⊣\⌈ M↙ P↙ Z⊣⊣\⊣⇔ ⌉⌈⟩⊔≀∇∫⇔ S≀⌋⟩⊣↕ C≀}\⟩⊔⟩≀\¬ T⟨⌉ O\⊔⊣∇⟩≀ S†⇕↖ √≀∫⟩⊓⇕⇔ √⊣}⌉∫ ∋∃∘∀∀⇔ H⟩↕↕∫⌈⊣↕⌉⇔ NJ⇔ ∞∃∀∞↙ L⊣⊒∇⌉\⌋⌉ E∇↕⌊⊣⊓⇕↙ ∪∞⊎ T↙ H⊣∫⊔⟩⌉ ⊣\⌈ C↙ L≀⊣⌈⌉∇↙ L≀⌋⊣↕ ∇⌉}∇⌉∫∫⟩≀\¬ ⊣⊓⊔≀↖ ⇕⊣⊔⟩⌋ ‖⌉∇\⌉↕ ⌋⊣∇√⌉\⊔∇† ⇐⊒⟩⊔⟨ ⌈⟩∫⌋⊓∫∫⟩≀\⇒↙ S⊔⊣⊔⟩∫⊔⟩↖ ⌋⊣↕ S⌋⟩⌉\⌋⌉⇔ ∀¬∞∈′∘∞△∋⇔ ∞∃∃∋↙ ∪∞∀⊎ F↙ R↙ I⇕⇕⌉∇⇔ H↙ K↙ H⊣†⌉∫⇔ ⊣\⌈ L⌉ R≀† P≀⊒⌉∇∫↙ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ⌈⌉⊔⌉∇⇕⟩\⊣⊔⟩≀\ ≀{ ⌊⊣∇↕⌉† ⊑⊣∇⟩⌉⊔⊣↕ ⊣⌈⊣√↖ ⊔⟩≀\↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ A⇕⌉∇⟩⌋⊣\ S≀⌋⟩⌉⊔† ≀{ A}∇≀\≀⇕†⇔ ∈¬̸△′∋∘△∞∃⇔ ∞∃∋△↙ ∪∞∃⊎ B↙ J⊓↕⌉∫‡↙ T⌉§⊔≀\∫⇔ ⊔⟨⌉ ⌉↕⌉⇕⌉\⊔∫ ≀{ ⊔⌉§⊔⊓∇⌉ √⌉∇↖ ⌋⌉√⊔⟩≀\⇔ ⊣\⌈ ⊔⟨⌉⟩∇ ⟩\⊔⌉∇⊣⌋⊔⟩≀\∫↙ N⊣⊔⊓∇⌉⇔ ∈∃′¬∃∞∘∃⇔ ∞∃∀∞↙ ∪∈′⊎ S↙ M↙ K≀∫∫↕†\↙ I⇕⊣}⌉ ⊣\⌈ M⟩\⌈↙ H⊣∇⊑⊣∇⌈ U\⟩⊑⌉∇∫⟩⊔† P∇⌉∫∫⇔ C⊣⇕⌊∇⟩⌈}⌉⇔ MA⇔ ∞∃∀′↙ ∪∈∞⊎ S↙ M↙ K≀∫∫↕†\↙ G∇⊣√⟨⟩⌋∫ ⊣\⌈ ⟨⊓⇕⊣\ ⟩\{≀∇⇕⊣⊔⟩≀\ √∇≀⌋⌉∫∫⟩\}↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ A⇕⌉∇⟩⌋⊣\ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ A∫∫≀↖ ⌋⟩⊣⊔⟩≀\⇔ ∀′¬△∃∃∘▽∞∈⇔ ∞∃∀▽↙ ∪∈∈⊎ S↙ M↙ K≀∫∫↕†\↙ U\⌈⌉∇∫⊔⊣\⌈⟩\} ⌋⟨⊣∇⊔∫ ⊣\⌈ }∇⊣√⟨∫↙ A√√↕⟩⌉⌈ C≀}\⟩⊔⟩⊑⌉ P∫†⌋⟨≀↕≀}†⇔ ∋¬∞∀▽∘∈∈⇎ ∞∃∀∃↙ ∪∈∋⊎ B↙ K∇�≀∫⌉↙ A ⌈⌉∫⌋∇⟩√⊔⟩≀\ ≀{ ⊑⟩∫⊓⊣↕ ∫⊔∇⊓⌋⊔⊓∇⌉↙ P⟨D ⊔⟨⌉↖ ∫⟩∫⇔ D⌉↕{⊔ U\⟩⊑⌉∇∫⟩⊔†≀{ T⌉⌋⟨\≀↕≀}†⇔ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ I\⌈⊓∫⊔∇⟩⊣↕ D⌉∫⟩}\ E\}⟩\⌉⌉∇⟩\}⇔ ∞∃∀↙̸ ∪∈△⊎ B↙ K∇�≀∫⌉↙ L≀⌋⊣↕ ∫⊔∇⊓⌋⊔⊓∇⌉ ⊣\⊣↕†‡⌉∇∫ ⊣∫ ⌈⌉⊔⌉∇⇕⟩↖ \⊣\⊔∫ ≀{ √∇⌉⊣⊔⊔⌉\⊔⟩⊑⌉ √⊣⊔⊔⌉∇\ ⌈⟩∫⌋∇⟩⇕⟩\⊣⊔⟩≀\↙ B⟩≀↖ ↕≀}⟩⌋⊣↕ C†⌊⌉∇\⌉⊔⟩⌋∫⇔ ▽▽¬∈∀∃∘∈∃∀⇔ ∞∃∀↙ ∪∈▽⊎ S↙ L⌉⊒⊣\⌈≀⊒∫‖† ⊣\⌈ I↙ S√⌉\⌋⌉↙ D⟩∫⌋∇⟩⇕⟩\⊣⊔⟩\} ∫⊔∇⊣⊔⊣ ⟩\ ∫⌋⊣⊔⊔⌉∇√↕≀⊔∫↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ A⇕⌉∇⟩⌋⊣\ S⊔⊣⊔⟩∫↖ ⊔⟩⌋⊣↕ A∫∫≀⌋⟩⊣⊔⟩≀\⇔ ∀△¬∀̸∈∘∀̸∀⇔ ∞∃∀∃↙ ∪∈⊎̸ M↙ L⟩⊑⟩\}∫⊔≀\⌉ ⊣\⌈ D↙ H⊓⌊⌉↕↙ S⌉}∇⌉}⊣⊔⟩≀\ ≀{{≀∇⇕⇔ ⌋≀↕≀∇⇔ ⇕≀⊑⌉⇕⌉\⊔⇔ ⊣\⌈ ⌈⌉√⊔⟨¬ ⊣\⊣⊔≀⇕†⇔ √⟨†∫⟩≀↕↖ ≀}†⇔ ⊣\⌈ √⌉∇⌋⌉√⊔⟩≀\↙ S⌋⟩⌉\⌋⌉⇔ ∈△′¬△′∘△∃⇔ ∞∃∀∀↙ ∈′

∪∈⊎ J↙ L≀⟨∫⌉↙ A ⌋≀}\⟩⊔⟩⊑⌉ ⇕≀⌈⌉↕ {≀∇ ⊔⟨⌉ √⌉∇⌋⌉√⊔⟩≀\ ⊣\⌈ ⊓\⌈⌉∇∫⊔⊣\⌈⟩\} ≀{ }∇⊣√⟨∫↙ I\ S↙ P↙ R≀⌊⌉∇⊔∫≀\⇔ G↙ M↙ O↕∫≀\⇔ ⊣\⌈ J↙ S↙ O↕∫≀\⇔ ⌉⌈⟩⊔≀∇∫⇔ CHI ⊢∃∞ C≀\↖ {⌉∇⌉\⌋⌉ P∇≀⌋⌉⌉⌈⟩\}∫⇔ √⊣}⌉∫ ∞∋∘∞△△⇔ N⌉⊒ O∇↕⌉⊣\∫⇔ L≀⊓⟩∫⟩⊣\⊣⇔ ∞∃∃∞↙ ∪∈∀⊎ A↙ M↙ M⊣⌋E⊣⌋⟨∇⌉\ ⊣\⌈ J↙ H↙ G⊣\⊔⌉∇↙ A √⊣⊔⊔⌉∇\ ⟩⌈⌉\⊔⟩⊘⌋⊣⊔⟩≀\ ⊣√√∇≀⊣⌋⟨ ⊔≀ ⌋⊣∇⊔≀}∇⊣√⟨⟩⌋ ⊑⟩∫⊓⊣↕⟩‡⊣↖ ⊔⟩≀\↙ C⊣∇⊔≀}∇⊣√⟨⟩⌋⊣⇔ ∈⇐∈⇒¬△̸∘∀∞⇔ ∞∃∃′↙ ∪∈∃⊎ J↙ M⊣↕⟩‖ ⊣\⌈ P↙ P⌉∇≀\⊣↙ P∇⌉⊣⊔⊔⌉\⊔⟩⊑⌉ ⊔⌉§⊔⊓∇⌉ ⌈⟩∫↖ ⌋∇⟩⇕⟩\⊣⊔⟩≀\ ⊒⟩⊔⟨ ⌉⊣∇↕† ⊑⟩∫⟩≀\ ⇕⌉⌋⟨⊣\⟩∫⇕∫↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ O√⊔⟩⌋⊣↕ S≀⌋⟩⌉⊔† ≀{ A⇕⌉∇⟩⌋⊣⇔ A⇔ ¬∃∈∋∘∃∋∈⇔ ∞∃∃′↙ ∪∋′⊎ D↙ M⊣∇∇↙ V⟩∫⟩≀\↙ W↙ H↙ F∇⌉⌉⇕⊣\⇔ S⊣\ F∇⊣\⌋⟩∫⌋≀⇔ ∞∃∀∈↙ ∪∋∞⊎ S↙ P⟩\‖⌉∇↙ A ⊔⟨⌉≀∇† ≀{ }∇⊣√⟨ ⌋≀⇕√∇⌉⟨⌉\∫⟩≀\↙ I\ R↙ F∇⟩⌉⌈↕⌉⇔ ⌉⌈⟩⊔≀∇⇔ A∇⊔⟩⊘⌋⟩⊣↕ I\⊔⌉↕↕⟩}⌉\⌋⌉ ⊣\⌈ ⊔⟨⌉ F⊓↖ ⊔⊓∇⌉ ≀{ T⌉∫⊔⟩\}⇔ √⊣}⌉∫ ∋∘∞∈⇎ N≀∇⊒≀≀⌈⇔ NJ⇔ ∞∃∃′↙ A⌊↕⌉§↙ ∪∋∈⊎ A↙ M↙ R≀⌋⟨↕⟩\↙ T⟨⌉ ⌉{{⌉⌋⊔ ≀{ ⊔⟩↕⊔ ≀\ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ √⌉∇↖ ⌋⌉√⊔⟩≀\ ≀{ √⊣∇⊣↕↕⌉↕\⌉∫∫↙ A⇕⌉∇⟩⌋⊣\ J≀⊓∇\⊣↕ ≀{ P∫†↖ ⌋⟨≀↕≀}†⇔ ∀̸¬∈∋∋∘∈∋⇎ ∞∃▽▽↙ ∪∋∋⊎ C↙ F↙ S⌋⟨⇕⟩⌈ ⊣\⌈ S↙ E↙ S⌋⟨⇕⟩⌈↙ H⊣\⌈⌊≀≀‖ ≀{ G∇⊣√⟨⟩⌋ P∇⌉∫⌉\⊔⊣⊔⟩≀\↙ W⟩↕⌉†⇔ N⌉⊒ Y≀∇‖⇔ ∞∃∃↙ ∪∋△⊎ D↙ S⟩⇕‖⟩\ ⊣\⌈ R↙ H⊣∫⊔⟩⌉↙ A\ ⟩\{≀∇⇕⊣⊔⟩≀\↖ √∇≀⌋⌉∫∫⟩\} ⊣\⊣↕†∫⟩∫ ≀{ }∇⊣√⟨ √⌉∇⌋⌉√⊔⟩≀\↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ A⇕⌉∇⟩⌋⊣\ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ A∫∫≀⌋⟩⊣⊔⟩≀\⇔ ∀∈¬△▽△∘△▽̸⇔ ∞∃∀↙ ∪∋▽⊎ I↙ S√⌉\⌋⌉ ⊣\⌈ S↙ L⌉⊒⊣\⌈≀⊒∫‖†↙ G∇⊣√⟨⟩⌋⊣↕ √⌉∇⌋⌉√↖ ⊔⟩≀\↙ I\ J↙ F≀§ ⊣\⌈ L≀\} S↙⇔ ⌉⌈⟩⊔≀∇∫⇔ M≀⌈⌉∇\ M⌉⊔⟨≀⌈∫ ≀{ D⊣⊔⊣ A\⊣↕†∫⟩∫⇔ B⌉⊑⌉∇↕† H⟩↕↕∫⇔ CA⇔ ⊔≀ ⊣√√⌉⊣∇↙ S⊣}⌉ P⊓⌊↕⟩⌋⊣⊔⟩≀\∫↙ ∪∋⊎̸ K↙ T↙ S√≀⌉⟨∇ ⊣\⌈ S↙ W↙ L⌉⟨⇕‖⊓⟨↕⌉↙ V⟩∫⊓⊣↕ I\{≀∇⇕⊣↖ ⊔⟩≀\ P∇≀⌋⌉∫∫⟩\}↙ W↙ H↙ F∇⌉⌉⇕⊣\⇔ N⌉⊒ Y≀∇‖⇔ ∞∃∀∈↙ ∪∋⊎ K↙ A↙ S⊔⌉⊑⌉\∫↙ S↕⊣\⊔↖⊔⟩↕⊔¬ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ ⌉\⌋≀⌈⟩\} ≀{ ∫⊓∇{⊣⌋⌉ ≀∇⟩⌉\⊔⊣⊔⟩≀\↙ B⟩≀↕≀}⟩⌋⊣↕ C†⌊⌉∇\⌉⊔⟩⌋∫⇔ △¬̸∞∀∋∘ ∞∃▽⇔ ∞∃∀∋↙ ∪∋∀⊎ A↙ T∇⌉⟩∫⇕⊣\↙ F⌉⊣⊔⊓∇⌉∫ ⊣\⌈ ≀⌊|⌉⌋⊔∫ ⟩\ ⊑⟩∫⊓⊣↕ √∇≀↖ ⌋⌉∫∫⟩\}↙ S⌋⟩⌉\⊔⟩⊘⌋ A⇕⌉∇⟩⌋⊣\⇔ ∈▽▽⇐∞⇒¬∞∞△B∘∞∈▽⇔ ∞∃∀↙̸ ∪∋∃⊎ L↙ T∇⌉⇕⇕⌉↕↙ U\⊔⌉∇∫⊓⌋⟨⊓\}⌉\ ‡⊓ ≀√⊔⟩⇕⊣↕⌉\ S†⇕⌊≀↕⌉\ ⟩\ }∇⊣√⟨⟩∫⌋⟨⌉\ D⊣∇∫⊔⌉↕↕⊓\}⌉\↙ V⌉∇↕⊣} D∇↙ K≀⊑⊣←⌋⇔ H⊣⇕⌊⊓∇}⇔ ∞∃∃∈↙ ∪△′⊎ J↙ W↙ T⊓‖⌉†↙ E§√↕≀∇⊣⊔≀∇† D⊣⊔⊣ A\⊣↕†∫⟩∫↙ A⌈⌈⟩∫≀\↖ W⌉∫↕⌉† P⊓⌊↕⟩∫⟨⟩\} C≀↙⇔ R⌉⊣⌈⟩\}⇔ M⊣∫∫⊣⌋⟨⊓∫⌉⊔⊔∫⇔ ∞∃↙ ∪△∞⊎ J↙ W↙ T⊓‖⌉†↙ G∇⊣√⟨⟩⌋ ⌋≀⇕√⊣∇⟩∫≀\∫ ≀{ ∫⌉⊑⌉∇⊣↕ ↕⟩\‖⌉⌈ ⊣∫√⌉⌋⊔∫¬ ⊣↕⊔⌉∇\⊣⊔⟩⊑⌉∫ ⊣\⌈ ∫⊓}}⌉∫⊔⌉⌈ √∇⟩\↖ ⌋⟩√↕⌉∫ ⇐⊒⟩⊔⟨ ⌈⟩∫⌋⊓∫∫⟩≀\⇒↙ J≀⊓∇\⊣↕ ≀{ C≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⊣\⌈ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ G∇⊣√⟨⟩⌋∫⇔ ∈¬∞∘△∃⇔ ∞∃∃∋↙

∪△∈⊎ B↙ T⊑⌉∇∫‖† ⊣\⌈ D↙ J↙ S⌋⟨⟩⊣\≀↙ P⌉∇⌋⌉√⊔⊓⊣↕ ⊣\⌈ ⌋≀\↖ ⌋⌉√⊔⊓⊣↕ {⊣⌋⊔≀∇∫ ⟩\ ⌈⟩∫⊔≀∇⊔⟩≀\∫ ⟩\ ⇕⌉⇕≀∇† {≀∇ }∇⊣√⟨∫ ⊣\⌈ ⇕⊣√∫↙ J≀⊓∇\⊣↕ ≀{ E§√⌉∇⟩⇕⌉\⊔⊣↕ P∫†⌋⟨≀↕≀}†¬ G⌉\↖ ⌉∇⊣↕⇔ ∞∞∀¬∋∀∘∋∃∀⇔ ∞∃∀∃↙ ∪△∋⊎ S↙ U↕↕⇕⊣\↙ V⟩∫⊓⊣↕ ∇≀⊓⊔⟩\⌉∫↙ C≀}\⟩⊔⟩≀\⇔ ∞∀¬∃∘∞▽∃⇔ ∞∃∀△↙ ∪△△⊎ H↙ V≀≀∇⟨⌉⌉∫ ⊣\⌈ T↙ P≀}}⟩≀↙ C≀⇕√⊓⊔⟩\} ⊔⌉§⊔⊓∇⌉ ⌊≀⊓\⌈⊣∇⟩⌉∫ {∇≀⇕ ⟩⇕⊣}⌉∫↙ N⊣⊔⊓∇⌉⇔ ∋∋∋¬∋△̸∘∋⇎ ∞∃∀∀↙ ∪△▽⊎ H↙ W⊣⟩\⌉∇ ⊣\⌈ D↙ T⟨⟩∫∫⌉\↙ G∇⊣√⟨⟩⌋⊣↕ ⌈⊣⊔⊣ ⊣\⊣↕†∫⟩∫↙ A\\↙ R⌉⊑↙ P∫†⌋⟨≀↕↙⇔⇔ ∋∈¬∞∃∞∘∈△∞⇔ ∞∃∀∞↙ ∪△⊎̸ L↙ R↙ W⊣\}⌉∇⇔ J↙ A↙ F⌉∇⊒⌉∇⌈⊣⇔ ⊣\⌈ D↙ P↙ G∇⌉⌉\↖ ⌊⌉∇}↙ P⌉∇⌋⌉⟩⊑⟩\} ∫√⊣⊔⟩⊣↕ ∇⌉↕⊣⊔⟩≀\∫⟨⟩√∫ ⟩\ ⌋≀⇕√⊓⊔⌉∇↖ }⌉\⌉∇⊣⊔⌉⌈ ⟩⇕⊣}⌉∫↙ IEEE C≀⇕√⊓⊔⌉∇ G∇⊣√⟨⟩⌋∫ ↘ A√↖ √↕⟩⌋⊣⊔⟩≀\∫⇔ ∞∈⇐∋⇒¬△△∘▽∀⇔ ∞∃∃∈↙ ∪△⊎ R↙ E↙ W⊣∇∇⌉\↙ J⊓⌈}⟩\} ⌈⟩{{⌉∇⌉\⌋⌉∫ ⟩\ ⌈⊣⊔⊣ ⌈⟩∫√↕⊣†∫↙ T⌉⌋⟨\⟩⌋⊣↕ ∇⌉√≀∇⊔⇔ AT↘T B⌉↕↕ L⊣⌊≀∇⊣⊔≀∇⟩⌉∫ T⌉⌋⟨\⟩↖ ⌋⊣↕ M⌉⇕≀∇⊣\⌈⊓⇕⇔ ∞∃∀∃↙ ∪△∀⊎ M↙ B↙ W⟩↕‖ ⊣\⌈ R↙ G\⊣\⊣⌈⌉∫⟩‖⊣\↙ P∇≀⌊⊣⌊⟩↕⟩⊔† √↕≀⊔↖ ⊔⟩\} ⇕⌉⊔⟨≀⌈∫ {≀∇ ⊔⟨⌉ ⊣\⊣↕†∫⟩∫ ≀{ ⌈⊣⊔⊣↙ B⟩≀⇕⌉⊔∇⟩‖⊣⇔ ▽▽¬∞∘∞⇔ ∞∃∀̸↙ ∪△∃⊎ G↙ U↙ Y⊓↕⌉↙ O\ ⊣ ⇕⌉⊔⟨≀⌈ ≀{ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩\} √⌉∇⟩≀⌈↖ ⟩⌋⟩⊔⟩⌉∫ ⟩\ ⌈⟩∫⊔⊓∇⌊⌉⌈ ∫⌉∇⟩⌉∫⇔ ⊒⟩⊔⟨ ∫√⌉⌋⟩⊣↕ ∇⌉{⌉∇⌉\⌋⌉ ⊔≀ ⊒≀↕{⌉∇≃∫ ∫⊓\∫√≀⊔ \⊓⇕⌊⌉∇∫↙ P⟨⟩↕≀∫≀√⟨⟩⌋⊣↕ T∇⊣\∫⊣⌋↖ ⊔⟩≀\∫⇔ A⇔⇔ ∈∈¬̸∈∘̸∈∃∀⇔ ∞∃∈↙

∈∞