ApproachingtheCapacityoftheLinear Gaussian ChannelG. David Forney, Jr.Motorola, Inc.20 Cabot BoulevardMansfield, MA 02048andBernard M. Gordon Adjunct ProfessorLaboratory for Information and Decision SystemsM.I.T.Shannon DayMurray Hill, NJMay 18, 1998

Theidealband-limitedAWGNchannel

Continuous-time channel modelFlat (brick-wall) response over a band B of width |B| = W Hz

BAdditive white Gaussian noise, one-sided p.s.d. N0Input signal ¥ power-limited to P¥ band-limited to B

Two-parameter characterization:W: bandwidthSNR = P/N0W: signal-to-noise ratio1Shannon Day, Murray Hill May 18, 1998

Equivalentdiscrete-timeidealAWGNchannel

QAM modulation:Two-dimensional (complex) QAM symbols xkSymbol rate 1/T = W symbols per second (2W dim/sec)Orthonormal complex pulses {p(t - kT), k ˛ Z}|P(f)|2 = brick-wall spectrum over BMatched-filter receiver

Equivalent discrete-time ideal AWGN channel model:zk = xk + nkSignal xk, average energy Ex = PT per two dimensionsNoise nk, additive white Gaussian, variance N0 per 2D

Single-parameter characterization (given 1/T = W):Signal-to-noise ratio SNR = Ex/N0 = P/N0W

Traditional figure of merit Eb/N0:Eb/N0 = (Ex/R)/N0 = SNR/R.2Shannon Day, Murray Hill May 18, 1998

ChannelcapacityOn an ideal AWGN channel:C = log2 (1 + SNR) b/2D(bits per two dimensions = b/s/Hz = spectral efficiency)Equivalently,SNR = 2C - 1.Reliable (Pr(E) @ 0) transmission is possible iff data rate R < C.�Shannon, 19483Shannon Day, Murray Hill May 18, 1998

Normalizedsignal-to-noiseratioLetbitrate = R (bits per two dimensions) = spectral efficiency;signal-to-noise ratio = SNR;Definenormalized signal-to-noise ratioSNRnorm = SNR/(2R - 1).

Shannon limit:Since SNRnorm = (2C - 1)/(2R - 1),and R < C,it follows thatSNRnorm > 1.Thus SNRnorm measures gap to capacity.

Relation to Eb

/N0 = SNR/R:Eb/N0 = ((2R - 1)/R) SNRnorm

Shannon limit on Eb

/N0 at a given rate R (b/2D):Eb/N0 > (2R - 1)/RAs R fi 0,

ultimate Shannon limit onEb

/N0:Eb/N0 > ln 2 (-1.59 dB)4Shannon Day, Murray Hill May 18, 1998

High-SNRandlow-SNRregimes

Exact expression:SNRnorm = SNR/(2R - 1)

High-SNR approximation (R >> 1):SNRnorm @ SNR/2RShannon limit:R < C @ log2 SNR

Capacity goes as the logarithm of SNR

Low-SNR approximation (R << 1):SNRnorm @ SNR/(R ln 2) = (log2 e) Eb/N0Shannon limit:R < C @ (log2 e) SNR

Capacity goes linearly with SNR 5Shannon Day, Murray Hill May 18, 1998

Bandwidth-limitedvs.power-limitedchannels

Power-limited

Bandwidth-limitedR < 2 b/s/HzR > 2 b/s/Hz Binary transmissionMultilevel (PAM, QAM)Low-rate binary codes High-rate nonbinary codesHamming spaceEuclidean spaceFigure of merit: Figure of merit: Eb/N0 = SNR/RSNRnorm = SNR/(2R - 1)Single-pulse transmissionSequence transmissionMatched filtersIntersymbol interferenceEqualizationSpread spectrum1960s -1970s1980s - 1990s(But now turbo codes!)

Intermediate caseR @ 2-4 b/s/HzDomain of PSK6Shannon Day, Murray Hill May 18, 1998

Overview-Band-limited(high-SNR)regimeLinear Gaussian channel model¥ Channel is a linear filterIntersymbol interference (ISI) is significant¥ Additive Gaussian noiseApproaching channel capacity: ideal (no ISI) channels¥ Lattice codes¥ Trellis-coded modulation¥ Capacity-approaching codes¥ ShapingApproaching channel capacity: ISI channelsMulticarrier modulation - suggested by "water pouring"Single-carrier modulation - used in telephone modems¥ Optimization of transmit band via line probing¥ Combined equalization and coding via precoding7Shannon Day, Murray Hill May 18, 1998

UncodedQAMversuscapacity

Uncoded QAM performance:Square MxM constellation:

Bitrate:R = log2 M2 (bits per two dimensions)Symbolerrorprobability:Pr(E) @ 4¥Q(3¥SNRnorm)1/2.\

At high SNR, Pr(E) depends only on SNRnorm.8Shannon Day, Murray Hill May 18, 1998

QAMvs.capacity(idealchannels)

Universal (high-SNR) performance curve:024681 010- 610- 510- 410- 310- 210- 1100normalized SNR (dB)

Pr(E)

QAM

Capacity

Gap (between QAM and capacity):6 dB @ Pr(E) @ 10-39 dB @ Pr(E) @ 2¥10-69Shannon Day, Murray Hill May 18, 1998

Latticecodes

Shannon: To approach capacity:need dense sphere packings in high-dimensional spaceDensest known sphere packings are usually latticesN-dimensional lattice L: Algebraically, a discrete subgroup of RNGeometrically, a regular array of points in N-space10Shannon Day, Murray Hill May 18, 1998

Performanceoflatticeconstellations

Lattice constellation: L ˙ RIn words: the set of all lattice points in a bounding region RSymbolerrorprobabilityPr(E) @ Kmin(L)¥Q(3¥gc(L)¥gs(R)¥SNRnorm)1/2.k Two

separable gainsCoding gain: gc(L)(Improvement over uncoded QAM)Shaping gain: gs(R)(Improvement over N-cube)k Effective coding gain is reduced by the multiplicity Kmin(L)

Rule of thumb: factor of two costs 0.2 dB (@ Pr(E) @ 10-6)11Shannon Day, Murray Hill May 18, 1998

Codinggainsofdensestlattices

Nominal coding gains of the densest lattices in up to 24 dimensions:0481 21 62 02 4

036Dimension

Coding gain (dB)�Conway and Sloane, 1988¥ Nominal coding gain increases without limit as N fi ¥¥ Not real, because of effect of multiplicity Kmin(L)¥ Effective coding gain of 24-D Leech lattice only about 4 dB12Shannon Day, Murray Hill May 18, 1998

Lattice-typetrelliscodes

Trellis code C(L/L’; C):Based on:N-dimensional lattice partition L/L’;A label map m: A fi L/L’ from a label alphabet A to the subsets (cosets of L’) in the partition L/L’;A convolutional code C over A.�Calderbank and Sloane, 1987�Forney, 1988inputdata

Encoder forconvolutionalcode C coded data(label sequence)Mapfromlabelstosubsets(cosetsofL’)

subset sequenceSelect signalpoints fromsubsets other input data (uncoded) signal pointsequenceinCSymbol error probability (per N dimensions):Pr(E) @ Kmin(C)¥Q(3¥gc(C)¥gs(R)¥SNRnorm)1/2.13Shannon Day, Murray Hill May 18, 1998

Progressincodedmodulationforidealchannels

Trellis-coded modulation:

Ungerboeck (1982): 1D and 2D codes nominal coding gains of 3 to 6 dB practical: 4 to 512 states

Multidimensional codesWei (1987)Calderbank and Sloane (1987)Similar coding gains

Reduced constellation expansionRotational invariance

1 0100100010000

3456Wei 4D

Wei 8D

Wei 8D*

normalized complexity

effective coding gain8-state, 2D (V.32)16-state, 4D64-state, 4D32-state, 2D32-state, 4D64-state, 8DUng 1DUng 2DEasy to achieve 0.6 dB gain over V.32 codeDiminishing returnsDoubling complexity gains about 0.3 dBMotivates reduced-complexity decoding algorithms14Shannon Day, Murray Hill May 18, 1998

Capacity-approachingcodes

Binary codes for the low-SNR regime:

Sequential decoding of convolutional codes (Wozencraft, 1961)Operate at R0: about 3 dB from the Shannon limitBidirectional sequential decoding: about 1.5 to 2 dB

Turbo codes (Berrou et al., 1993)Can approach within about 0.35 dB of the Shannon limit

Low-density parity-check codes (Gallager, 1962 (!))Can approach capacity in principle�Gallager, 1962; MacKay and Neal, 1996Nonbinary LDPC codes can outperform turbo codes�Davey and MacKay, April 1998

Nonbinary codes for the high-SNR regime:

Sequential decoding of trellis codesOperate at R0: about 1.7 dB from the Shannon limit

Multilevel coding and multistage decoding with binary codes�Leech and Sloane, 1971; Imai and Hayakawa, 1977Can approach capacity in principle�Kofman, Shamai and Zehavi, 1990

Can approach capacity in practice with turbo codes�Wachsmann and Huber, 199515Shannon Day, Murray Hill May 18, 1998

Shaping gains: Spherical shapingOptimum bounding region R in N dimensions is an N-sphereUltimate shaping gain (N fi ¥) is pe/6 = 1.53 dB

Shaping gains of spheres:04812162024

0.00.51.01.5

Dimension

Shaping gain (dB)16Shannon Day, Murray Hill May 18, 1998

Shapingmethods

Low-dimensional constellation partitioned into subregions:

Shaping on regionsA binary code selects a sequence of subregionsShort (N £ 24) block codes can achieve 0.8 dB gain with only 4 subregions�Calderbank and Ozarow, 1990

Trellis shapingDual to trellis codingEasily obtains shaping gains of 1 dB or more�Forney, 1992

Shell mappingGenerating function techniques for efficient block codingAbout 0.8 dB shaping gain in V.34 (16-D, 25% expansion)�Lang and Longstaff, 1985�Eyuboglu; Fortier; Khandani; Kschischang; Laroia, c. 1991-9217Shannon Day, Murray Hill May 18, 1998

EffectsofshapingEffect/objective is to achieve nonuniform distribution over alow-dimensional constellation:Distribution approaches truncated GaussianTrade-off between constellation expansion and shaping gainUltimate shaping gain of pe/6 (1.53 dB):Difference between the average energies of uniform vs. Gaussian distributionfor a given differential entropy�Forney and Wei, 198918Shannon Day, Murray Hill May 18, 1998

Progressincodedmodulationforidealchannels(cont.)024681 010- 610- 510- 410- 310- 210- 1100normalized SNR (dB)

Pr(E)

Capacity

coding gain

uncoded QAM shapinggain

Capacity

without shaping

1.53 dB

Gap at Pr(E) @ 2¥10-6

Coding: can achieve about 6 dB maximum possible: 7.5 dB

Shaping:can achieve about 1 dBmaximum possible: 1.5 dB

Total:can achieve about 7 dBmaximum possible: 9 dB(Gap is greater at lower Pr(E))19Shannon Day, Murray Hill May 18, 1998

DeBuda’sresultThere exist lattice codes that can approach capacity as N fi ¥High-SNR resultSpherical shaping (1.53 dB shaping gain)� DeBuda (1975)Therefore, there exist lattices witheffective coding gain = gap minus 1.53 dB(exponential error bounds: Poltyrev, 1994)and

the gap can be completely closed with lattice or trellis codes20Shannon Day, Murray Hill May 18, 1998

Capacityofnon-ideallinearGaussianchannelsGiven: linear Gaussian channel x(t)powerconstraint� S(f) df £ Ph(t) n(t)y(t)S(f)N(f)+colored Gaussian noiseH(f)

2Shannon:

water pouring frequency f

BN(f)/H(f)

2K0Sopt(f)

Lessons:¥

Spectrum: optimum spectrum nearly flat in practice¥ Location of transmit band B:

important to optimize¥

Statistics: transmitted signal should be

Gaussian-like21Shannon Day, Murray Hill May 18, 1998

EffectiveSNR

Capacity using water-pouring spectrumSopt(f):C = �B log2 (1 + Sopt(f)|H(f)|2/N(f)) df/W (b/2D)Define the effective signal-to-noise ratio:SNReff = -1 + exp (�B ln (1 + Sopt(f)|H(f)|2/N(f)) df/W)

(Note:1 + SNReff = geometric mean of 1 + Sopt(f)|H(f)|2/N(f) over B)

Capacity in terms of SNReff (as on ideal AWGN channel) C = log2 (1 + SNReff) (b/2D)

SNRnorm and

Shannon limit:SNRnorm = SNReff/(2R - 1) > 1.

Two-parameter characterization of any single-band channel:Bandwidth WEffective signal-to-noise ratio SNReff22Shannon Day, Murray Hill May 18, 1998

Equalizationapproaches

Problem: as Tx band widens, severe intersymbol interference (ISI)

Multicarrier solution (Shannon-Holsinger-Gallager):

Divide channel into subbands of width Df fi 0Each subband becomes an ideal AWGN channelBandwidth = DfNo equalization required

Power allocation: Sopt(f) DfSNR(f) = Sopt(f)|H(f)|2/N(f)Aggregate power fi P = �BSopt(f) df

Rate allocation: R(f) @ C(f) = log2 (1 + SNR(f)) (b/2D)Aggregate rate fi Cb/s = �B C(f) df (b/s)

Note:Requires channel measurement, known to TxRequires powerful coding in each subbandPractical implementations in 1990s�Ruiz, Cioffi, Kasturia, 199223Shannon Day, Murray Hill May 18, 1998

Equalizationapproaches:Single-carrier

Single-carrier (QAM) methods:1.

Linear equalizationExcessive noise enhancement with deep nulls2.

Maximum-likelihood sequence detection (VA)Too complex3.

Decision-feedback equalization (DFE)Asymptotically optimal (!)MLSD is not necessaryCan’t be combined with coding4. "

Precoding""DFE in the transmitter"Asymptotically optimal performanceCombines nicely with coding� no glueUsable with any shaping with minimal "dither loss"Goldilocks solution: "

Just right!"24Shannon Day, Murray Hill May 18, 1998

Price’s result (general linear Gaussian channels)

Price’s result:On any linear Gaussian channel, as SNR fi ¥, the gap between capacity and QAM performancewith ideal ZF-DFE (

tail-cancelling equalization) is independent of channel and noise spectra.�Price, 1972�Eyuboglu, 1988

Improved result using MMSE-type equalization: On any linear Gaussian channel, at any SNR, the equivalent

SNR using ideal MMSE-optimized tail-cancelling equalization is equal to the effective SNR of the channel:SNRMMSE-DFE = SNReff.�Cioffi, Dudevoir, Eyuboglu and Forney, 1995

Implication:Ideal MMSE-optimized tail-cancelling equalization +Capacity-approaching ideal-AWGN-channel coding =Approach to capacity of any linear Gaussian channel25Shannon Day, Murray Hill May 18, 1998

Universalperformancecurve:NocodingFor any linear Gaussian channel:024681 0

10- 610- 510- 410- 310- 210- 1100normalized SNR (dB)

Pr(E)

Capacity

QAM with DFE

or Tomlinson precoding SNRnorm = SNReff/(2R - 1)Assumes ideal tail-cancelling equalizationDecision-feedback equalization (DFE)Tomlinson-Harashima precoding�Tomlinson, 1971; Harashima and Miyakawa, 197226Shannon Day, Murray Hill May 18, 1998

Approachingcapacityonnon-idealchannels"Precoding" ¥ can be combined with coding with "no glue"�Eyuboglu and Forney, 1991-2¥ can also be combined with any shaping technique �Eyuboglu, Cole, Laroia (during V.34), 1992-93

Universal curve (any linear Gaussian channel):024681 010- 610- 510- 410- 310- 210- 1100normalized SNR (dB)

Pr(E)

Capacity

coding gain

uncoded QAM

with DFE or

precodingshapinggain

coded modulation with

coding, shaping and

precoding

Equalization gain of DFE

Coding gain gc(C) of ideal-channel code C

Shaping gain gs of ideal-channel shaping method27Shannon Day, Murray Hill May 18, 1998

Conclusions¥ Practical techniques can approach channel capacity:Knowncodes can approach maximum possible coding gainSimple shaping methods can approach ultimate shaping gain¥ Can approach capacity as closely on non-ideal channels as on ideal channels:Multicarrier modulation with powerful coding and shaping orSingle-carrier modulation with precoding achievesCodinggain of known codesShaping gain approaching 1.53 dBEqualizationgain of ideal MMSE-DFE¥ In principle, on any band-limited linear Gaussian channelone can approach capacity as closely as desired�(Combine results of Price, DeBuda, Cioffi et al.)28Shannon Day, Murray Hill May 18, 1998